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Empirical Risk Minimization

Consider multiple
“simple” hypothesis
and
choose one that fits well
the data




Empirical Risk Minimization

Consider multiple
“simple” hypothesis
and
choose one that fits well
the data




Empirical Risk Minimization

Strongly rely on the specific
training samples available

Not clear how to address
corrupted samples or
distribution shifts

The quantity optimized at
learning is not very meaningful

Fitting training samples is not
directly related with the
prediction process




Robust Risk Minimization

Consider multiple scenarios
consistent with the data
and
choose a rule with small error
in the worst scenario

John von Neumann
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Robust Risk Minimization

Presence of corrupted samples
or distribution shifts can be
included on the considered
scenarios

The quantity optimized at
learning can provide an upper
bound for the prediction error

Learning process analyzes the
prediction performance of
different rules

Can be too pessimistic with too
broad feasible scenarios
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Generalized maximum entropy for supervised classification
Minimax risk classifiers (MRCs)
Performance guarantees 0-1 MRCs

Multidimensional adaptation to concept drift
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Maximum entropy principle

c: Words — {0,1}*
“cat” +— c¢(“cat”)=1,0,1,1

Words = {w} Codes = {c} l(c,w) = [e(w)]
w ~ p(w) € A(Words)

i Eplle,w) = min U(c,p) = —Eplogzp = H(p)

p € U  Given by expectation constraints — max H (p)
peU

[Jaynes, Phys. Rev., 1957], [P. Grinwald and A. P. Dawid, Annals of Statistics, 2004]
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Supervised classification

Examples = {(z,y)} « instance or attribute y label or class

Classification rules = {h: X - A())} =T(X,))

lor(h, (z,)) = { | " ﬁgg i?; lo1 (b, (z,)) = 1 — h(y|z)

glog(ha (leay)) — —logh(y\x)

(-entropy for classification

Hi(p)= min EJl(h,(z,y))= min ¢(h,p)

heT(X,)) heT(X,Y)
H =1-
0-1( Zry}fleajgcp z,Y)
i )] p(z)
log Z p L y 0g ( y)




4 : . )
Maximum entropy and minimax rules

p* underlying distribution of instance-label pairs

H,(p*) = he%ixn,y)g(hp*) Bayes risk

Hy(p*) = {(hBayes,P"), hBayes Bayes classifier

Expected loss

> S

Prob. distributions P)




Maximum entropy and minimax rules

p“ € arg max Hy(p) Maximum entropy distribution
pE

h" € arg  min (mag{c /(h, p)) Minimax risk classifier
pE

heT(X,))




4 : .
Maximum entropy and minimax rules

Theorem [S. Mazuelas, Y. Shen, A. Perez, IEEE Trans. Inf. Theory, 2022]

_ _ U U _ .
Ho(U) = max He(p) = (0, p) = min (glggf(h, p))

h" € arg m}in ¢(h, p*) p“ € arg max ¢(h", p)
p




4 : .
Maximum entropy and minimax rules

Theorem [S. Mazuelas, Y. Shen, A. Perez, IEEE Trans. Inf. Theory, 2022]

_ _ U U _ .
Ho(U) = max He(p) = (0, p) = min (glggf(h, p))

P €U = Hy(p") < {(h",p") < Hy(U)




Outline

* Minimax risk classifiers (MRCs)
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Minimax Risk Classifiers (MRCs)

Purc :  min max!(h,p)
h! T(X,Y) p!' U

U= p! (X" Y): [Ep{"}#!|$"

d: X x)Y — R™ feature mapping

X, y)=¢e, ! ! (), ! (X)=[!v,(X),! v, (X),..., e (]
e.g., random featuresE, {! v(x)! v(x)} = k(x,x")

I n

!n:% !(Xi’yi)

=1

I conbdence vector atlevel1 ! ' p " Uw.p. #1$!




MRCs Learning. Representer Theorem

Theorem (0-1 loss) [S. Mazuelas, A. Zanoni, A. Perez, NeurlPS 2021]

Let ' ! R™ be a solution of
min 10 1 Tp+ () + "l

pu! RM
el xy)Tp! 1
| _ y! C
where ! (1) (RO IC|

If h” 1 T(X,Y) satisfies
h(yx) ! T oGy) ™ L), #x$ X,y$Y

Then h” | ar min max!(h
' gh!T(;(,Y)p! UX'( P)

Hoi(U)= R(U)=1"! ! Tp' + 1)+ " Tu')

™




Outline

* Performance guarantees 0-1 MRCs




MRCs Generalization Bounds

Ro=min 18 Byt () R+ 1) =11 Bl (6y) Ty + (k)
The MRC given by p, is the optimal minimax rule for! :
R ! RU) ' U={p! ! (X,Y): |Ex{"}" "|#"} st. p! U
Theorem [S. Mazuelas, M. Romero, P. Griinwald, JMLR 2023]

R(“) ! RU)+(IEp! " 1" ") ||

R(h")! Ry + |Ep! " ! R T T N (TP R [T )

In particular, if P{|[E,! ! ! |" "} # 1! |
R(h’)! R(V)
R(h“) ! Ry +2! Ty, |

w. p.atleast 1! 1.

.




MRCs Universal Consistency

Theorem [S. Mazuelas, M. Romero, P. Griinwald, JMLR 2023]

Let !, be a feature mapping given by D, random features
corresponding with a characteristic kernel.

If lim Dy =1, forany underlying distribution P’ we have that
n|!i,,m Ri, = Rpayes

with probability 1.

If h, is the MRC given by n samples and

Inlli"m 'n=0 lim !y n/logn =1
: n:

for any underlying distribution p° we have that
nlli,.m R(hn) — RBayes

with probability 1.

.
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* Multidimensional adaptation to concept drift




"HS68, ($)*+,-((".'+-'01*"1)$%*+01+$#/%) %' ./

P1 P2 ... Pt Pt+1
| | | |

(Xl,Y1), (XZ,YZ), seey (Xt,Yt), (X'[+1 ,Yt+1 )’
# # # !
hy ! h, hy ! Ni+1

For instance,

N+ =hy! ' L(he, (Xt, Yt))

K ! R accounts for a global rate of change




"HS68, ($)*+,-((".'+-'01*"1)$%*+01+$#/%) %' ./

o Classy =1
o + Classy =2
= = Ruleh
N
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N
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A
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P -
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*
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*
* x %
* Timet; x

k ! R accounts for a global rate of change




MRCs for concept drift adaptation

U= pl (X" Y): [Ep{"}# 1S "

n m
I 131" R

™




e
I"#$%&%'()*%+),#-.&,/$,$5%+)

[V. Alvarez, S. Mazuelas, J. A. Lozano, ICML 2022]
[V. Alvarez, S. Mazuelas, J. A. Lozano, NeurlPS 2023]

Tracking underlying distribution: obtain 1"

Dynamical system: model the evolution of each component of ! ¢

Vi = Hely g + Wy T

Di(Xe,¥t) = T + W

_ _ Lo k)
with ! ti — !t,i ’!t,i ’!t,i 1 !t,i

Unbiased linear estimator of ! {; with minimum MSE
bii = Helg i bk |(!t! it b i(Xe 1, Ve 1))
t

kt, 1, kt, Dy eeey kt,m account for multidimensional time changes

Performance guarantees

Error probability R(hy) ! R(Y)

T I T - 1
- ' ) 1
Accumulated mistakes | {% E yi} " R(U)+ 2T log T

K t=1 t=1




Some numerical results

=—8— MRC 0-1-Risk
b= Upper bound Hy 1 (U==-b=) 0.06 - —l—
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Conclusions

* Learning methodology that relies on expectation estimates and
not on specific training samples

* MRCs can minimize the worst-case expected 0-1 loss over
general classification rules, and provide performance
guarantees during learning

 Described MRCs’ generalization bounds and universal
consistency

* The proposed methods can lead to algorithms that seamlessly
address distribution shifts

.
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