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Silo discharge of mixtures of soft and rigid grains

Jing Wanga∗, Bo Fanb∗, Tivadar Pongóc∗, Kirsten Hartha, Torsten Trittela, Ralf
Stannariusa†, Maja Illig, Tamás Börzsönyib, Raúl Cruz Hidalgoc

We study the outflow dynamics and clogging phenomena of mixtures of soft, elastic
low-friction spherical grains and hard frictional spheres of similar size in a quasi-two-
dimensional (2D) silo with narrow orifice at the bottom. Previous work has demonstrated
the crucial influence of elasticity and friction on silo discharge. We show that the addition
of small amounts, even as low as 5%, of hard grains to an ensemble of soft, low-friction
grains already has significant consequences. The mixtures allow a direct comparison
of the probabilities of the different types of particles to clog the orifice. We analyze
these probabilities for the hard, frictional and the soft, slippery grains on the basis of
their participation in the blocking arches, and compare outflow velocities and durations
of non-permanent clogs for different compositions of the mixtures. Experimental results
are compared with numerical simulations. The latter strongly suggest a significant influ-
ence of the inter-species particle friction.

1 Introduction
Storage of granular materials in silos and hoppers has an
evident advantage over other containers for the processing
of these materials in agriculture, chemical industry, con-
struction industry and many other branches: Material is
stowed into the container through a top orifice, yet it can
be withdrawn from the storage device through an orifice at
the bottom simply using gravity forces. No additional me-
chanical device is needed to maintain the outflow. How-
ever, one of the problems with these storage bins is conges-
tion of the orifice, so-called clogging, which can occur even

a Institute of Physics, Otto von Guericke University, Department of Nonlinear Phe-
nomena, D-39106 Magdeburg, Universitätsplatz 2, Germany.b Institute for Solid State
Physics and Optics, Wigner Research Center for Physics, P.O. Box 49, H-1525 Budapest,
Hungary, c Física y Matemática Aplicada, Facultad de Ciencias, Universidad de Navarra,
Pamplona, Spain, ∗ shared first authorship
† ralf.stannarius@ovgu.de

if the orifice diameter is much larger than the largest spa-
tial extension of the individual grains. Particles can form
stable arches (in 2D) or domes (in 3D) above the out-
let and block further outflow. Intervention from outside
is required to re-trigger discharge. From a physical point
of view, this process is insufficiently understood even to-
day, despite of hoppers being in use for millenia in human
history. The flow of grains, even in the simplest form of
hard monodisperse spheres, has retained many mysteries.
Even the simplest problem of the outflow of monodisperse
ensembles of spheres is still an active field of research.
Through large enough orifices, such grains flow at constant
rates given by geometrical and physical parameters. Flow
rates have been derived from theoretical models1–4 and the
predictions were tested in numerous experiments (e.g.4–9).
When the outlet diameter is small (less than about 5 parti-
cle diameters)10–12, hard spheres tend to form clogs after
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some time at the orifice. These block further outflow until
they are destroyed by shaking the container, by applying air
flushes or by other mechanical disturbances. Spontaneous
arch formation13,14, the preceding kinetics15, as well as the
inherent force distributions16,17 have been analyzed in the
literature. Identical hard spheres are an idealized special
system that has been considered in most of the experimen-
tal and theoretical studies. Since there are no principal
differences between clogging of 2D and 3D silos, the for-
mer are often preferred in experiments because they offer
the study of the inner dynamics and structure formation in
the container with non-invasive observation methods.

Recently, it was found that soft particles with low friction
differ considerably from common hard, frictional grains in
their static and dynamic behavior in silos18,19. The crit-
ical ratio ρ of orifice size and particle size below which
clogging sets in is much smaller than for rigid grains. In
addition, non-permanent, intermittent clogs are observed
which spontaneously dissolve after some time. Such fea-
tures are otherwise observed only in vibrated silos20,21, in
colloidal systems22–24 or in active matter14. In the ear-
lier experiments with soft, slippery hydrogel grains, it re-
mained unexplained whether the softness of the particles
(elastic modulus of the order of a few dozen kPa) or the
low friction coefficient (in the order of 0.03), or a combi-
nation of both causes the quantitative differences to hard,
frictional grains. Previous work on pure monodisperse hy-
drogel sphere (HGS) ensembles25 has identified the vis-
coelastic properties of these spheres as one important fea-
ture that causes qualitatively new features of the discharge
through narrow orifices.

In practice, homogeneous granular ensembles are often
the exception, even in industrial processes. One usually
deals with materials that are non-uniform in size, shape,
surface structure, or other properties. This motivated us to
study mixtures of particles that differ in their elastic and
frictional properties but are otherwise very similar. It turns
out that an addition of even small portions of rigid particles
to HGS ensembles has dramatic influence on silo discharge
behavior.

This paper describes an experimental and numerical
study of the effects of doping soft HGS ensembles with

hard, frictional particles of the same size and weight. We
will add up to 10 % of the latter to the pure hydrogels and
focus on three aspects:
(1) What is the influence of doping on the silo discharge
characteristics?
(2) How is the concentration xhf of hard grains in the mix-
ture represented in the composition of the blocking arches?
This will allow us to extract the probabilities that hard or
soft grains complete a blocking arch and cause clogging.
(3) Does the composition of the mixtures affect the outflow
rates?

A quasi-two-dimensional setup with one layer of beads
between two vertical glass plates is used. The mass of the
discharged material is recorded by means of a balance be-
neath the orifice. Particle arrangements and flow inside
the container are monitored by video imaging. In addition,
numerical simulations are performed and compared to the
experiment.

2 Experimental setup and materials
The setup consists of a flat container of 80 cm height, 40 cm
and slightly more than 6 mm depth. In the images shown
in Fig. 1, vertical aluminum rails that support the front and
rear glass plates hide 3 cm of the container interior on the
left and right sides. Only 34 cm are visible. At the bottom,
a rectangular opening of variable width can be adjusted
with two horizontal sliders.

The container is filled with a mixture of soft, low-friction
hydrogel spheres and hard frictional (HF) plastic airsoft
ammunition. The concentration of HF plastic grains is low,
typically 5% or 10%. We define the aspect ratio ρ as the
quotient of the orifice D and the particle diameter d. In the
present study, this ratio is in the range 1.7 < ρ < 2.2. We
note that at such small orifice sizes a pure sample of hard
frictional grains would almost immediately clog. At large
enough orifice sizes (ρ > 3), the behaviour of our mixtures
is practically identical to the pure hydrogel samples.

Both species have densities of approximately 1020
kg/m3. The 6 mm diameter airsoft beads were obtained
from commercial providers. They are made from plastic,
are perfectly monodisperse and they are hollow. The latter
feature is irrelevant here. The friction coefficient of the air-
soft beads is 0.3. They are incompressible and can be con-
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Fig. 1 Top: Image of the container filled with a mixture with 10 %
hard frictional beads. Yellow and pink colored hydrogel spheres
are equivalent, airsoft bullets appear dark. Bottom: Zoom into
the region near the orifice at the bottom, in a clogged state. The
orifice in these images is D = 11 mm, slightly less than two parti-
cle diameters.

sidered rigid. The hydrogel spheres were obtained in dried
state from a commercial provider (Happy Store, Nanjing).
They were swelled in salted water with a NaCl concentra-
tion that determined the final radius of approximately 6.5
mm, with a polydispersity of about 3 %. The mass of each
hydrogel sphere is about 0.15 g. They have a friction coef-
ficient one order of magnitude lower than the HF spheres,
but the elastic modulus is of the order of only 50 kPa to
100 kPa. These particles are incompressible as well, but
they deform slightly in the silo under the weight of the
overlying grains (see Fig. 1, bottom). A rough estimate is
that the Hertzian contacts between hydrogel spheres at the
bottom of the container indent the grains by approximately
1.3 mm under the weight of the full silo.

The 2-dimensional (40 x 80 cm) cell can accommodate
about 10,000 grains corresponding to a weight of ≈ 1.5
kg. The cell is extended at the top with an additional 3-
dimensional container, which can hold extra granular ma-
terial.

3 Avalanches and clogging probabilities
Avalanche sizes are a key figure of merit for silo discharge.
Figure 2 shows an example of the discharged mass curve
for a mixture of hard and soft spheres, filled into a silo
with a narrow orifice. Plateaus in this curve either repre-
sent non-permanent interruptions of the flow that dissolve
spontaneously, or clogs that were destroyed by air flushes
(arrows).

The mean number of grains discharged during an
avalanche is directly related to the probability that a par-
ticle completes a blocking structure at the orifice. In the
geometry we use in our experiments, with ρ of the order
of 2, these clogs are formed by very few grains, four on av-
erage. Thus, the experiment provides favorable conditions
to observe the microscopic dynamics (on the particle level)
at the opening, and on the other hand, the choice of the
soft hydrogel material guarantees the formation of compa-
rably large avalanches for a reasonable statistics at these
small aspect ratios. The relation between the probability
of particles completing a clog at the outlet and the size of
avalanches is given in Appendix A.

In the experimental determination of avalanche sizes,
one encounters a problem which is related to a peculiar
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Fig. 2 Part of a measured time dependence m(t) of the mass of
granular material discharged from a quasi-2D silo. The mixture
contained 10 % of rigid air soft balls with 90 % hydrogel spheres,
both with 6 mm diameter. The orifice size was 11 mm. Some
clogs (plateaus) dissolved spontaneously, clogs labeled by ar-
rows were destroyed by an air flush through the orifice.

feature of the hydrogels identified already in the pure sys-
tem25: The soft, viscoelastic material has the tendency to
form interruptions of the outflow that can dissolve sponta-
neously after some time, particularly for small orifice sizes.
In Figure 2, some plateaus indicate non-permanent inter-
ruptions of the flow that dissolve spontaneously. There is
no clear criterion to discriminate the end of an avalanche
and the beginning of a non-permanent clog from mere fluc-
tuations of the outflow rate. If one analyzes the time de-
lays between subsequent grains passing the orifice, there is
no obvious threshold that may serve to identify and mark
non-permanent clogs, and distinguish them from fluctuat-
ing outflow. Short interruptions of the outflow are contin-
uously distributed. Technically, it is therefore justified to
regard an outflow process as one single avalanche, unless
a permanent clog is reached. In Fig. 2, the nearly 3 minute
period after the air flush at t = 2980 s represents an exam-
ple of an avalanche that has intermittent non-permanent
breaks.

For practical reasons, one may nevertheless be interested

in the distribution of phases where the material is flowing
and phases where the outflow is interrupted. This is the
standard procedure for the description of living or exter-
nally agitated systems (e. g.26). Thus, we introduce an ad
hoc criterion, the interruption of the outflow lasting one
second or longer, to separate avalanches. However, it was
shown earlier that the arbitrary selection of a threshold
may influence the statistics considerably23. Since we treat
all mixtures with the same model, our arbitrary choice of
the threshold may be still justified.

4 Experimental results

4.1 Pressure characteristics

It was shown earlier that the low-frictional hydrogel shows
an almost hydrostatic characteristics P(h) of the pressure P
at the bottom of a quasi-2D container filled up to a height
h19. In contrast, the hard, frictional grains exhibit the typ-
ical saturation of the pressure27 at a fill height of several
cm19. Figure 3 shows that the pressure characteristics of
the pure hydrogel sample is changed significantly by ad-
dition of a small amount xhf (10 %) of HF spheres. The
pressure in the mixtures clearly deviates from hydrostatic
behavior. The data were obtained by measuring the force
on a short (4 cm) horizontal bar that replaced part of the
bottom container border. The weight of the material in up-
per layers is at least partially transferred to the container
walls. The pressure characteristics differ slightly in individ-
ual runs, but the general trend is seen in all three graphs.
This continuous pressure increase with fill height has di-
rect consequences for the discharge characteristics of the
mixtures, as will be demonstrated below.

One consequence of the increasing pressure towards the
bottom of the silo in combination with the low elastic mod-
ulus of the hydrogels is that the packing fraction φ in-
creases towards the bottom. The closest packing of spheres
with diameter d in a quasi-2D hexagonal lattice within a
layer of thickness d is φmax = π/

√
27 ≈ 0.604. This is in-

deed the mean packing fraction of pure hydrogel spheres,
since they form a nearly defect-free hexagonal lattice in
the depth of the granular bed. At the bottom, they even
reach packing fractions up to about 0.65 where they are
squeezed out of their original sphere shape. In the very top
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Fig. 3 Pressure at the bottom of the container at the position
of the outlet for pure hydrogel system (open circles), and three
independent measurements of a mixture with 10% HF spheres
(filled circles) (cf. numerical simulation data in Fig. 16). Lines
guide the eye.

layers, owing to imperfections, the packing fraction drops
to about 0.5. This may have some consequences for the
outflow rates discussed in the next section.

4.2 Flow rate and clog duration

Fig. 4a demonstrates how the character of the outflow is
altered by changing the size of the orifice for a given mix-
ture. One can see that the material flows practically un-
interrupted through the largest orifice, with 13 mm width,
until the fill level has lowered to about 20 ... 25 cm. In the
silo with 12 mm orifice width, clogs interrupt avalanches
of the order of 100 g (nearly 1000 particles), while in the
silo with 11 mm opening, avalanches are on average one
order of magnitude smaller. The fill-height dependence of
the occurrence of plateaus (non-permanent clogs) in the
graphs is the consequence of a pressure-dependent block-
ing probability of individual soft grains passing the outlet,
see Appendix A.

The presence of a small fraction of hard frictional parti-
cles influences the outflow dynamics by having an impact
on the statistics of clogs (permanent or non-permanent) as
well as on the flow rate between clogs. The outflow curves
are shown in Fig. 4(b) for 3 samples with hard frictional

Fig. 4 (a) Time dependence of the discharged mass for a sam-
ple containing 5% hard frictional spheres (HFS) for 3 values of
the orifice width D. It is evident that the probability of clogging
increases strongly with lower ratios of orifice width to particle di-
ameter. (b) Time evolution of the discharged mass for 3 different
samples: pure hydrogel, and mixtures containing 5% or 10% HF
spheres. The orifice size D is indicated on the figure. The hori-
zontal sections correspond to the clogs. (c) Same data as panel
(b) but with clogs longer than 1 s trimmed. The flow rate is mea-
sured as the local slope of these trimmed curves.
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sphere contents xhf of 0, 0.05 and 0.1. The orifice width
was D ≈ 11.5 mm. The flow rate (between clogs) depends
on the composition of the sample (fraction of HF spheres)
and other parameters, such as the filling height and orifice
size. We will further investigate the dependence of the flow
rate as well as the duration of non-permanent clogs on the
number of HF spheres in the proximity of the orifice.

For a visualization of the evolution of the flow rate
(during avalanches) during the whole discharge process,
Fig. 4(b) was trimmed by removing all clogs longer than 1
s. The result is shown in Fig. 4(c). The local slope of these
curves gives the instantaneous discharge rate at any mo-
ment. This rate is shown in Fig. 5(a) as a function of the
bed height h. In accordance with our earlier observations
in a 3D silo28, the flow rate for pure hydrogel decreases
with decreasing filling height. For the sample with 5 %
HF grains, the height dependence is much weaker, while
for the sample with 10 % HF grains this trend has essen-
tially vanished. Thus, adding a small amount of frictional
hard beads to a hydrogel bead ensemble has a strong effect
on the discharge kinetics of a 2-dimensional silo. Increas-
ing the concentration of frictional hard grains, we quickly
recover the typical behavior of granular materials charac-
terized by a height independent (constant) flow rate.

It is obvious that Beverloo’s original equation that relates
the geometry of the particles and outlet to the discharge
rate is not exact for the hydrogels and at least the 5 % HF
spheres mixture since their discharge rates depend upon
pressure at the outlet. Here, the low friction coefficient of
the hydrogel may play a role29, but the primary cause is
the pressure dependence caused by the grain elasticity. As-
tonishingly, addition of 10 % of rigid grains fully removes
this pressure dependence.

For an analysis how the flow rate depends on the ori-
fice size D, and for comparison of all three mixtures, we
present data of the height range between 40 cm and 45
cm in Fig. 5b. As expected, the flow rate W decreases
with D. An increased concentration of hard grains clearly
reduces the flow rate, particularly at small orifice sizes.
A dependence as predicted by Beverloo’s model in 2D,
W = Cφρ0h

√
g(D− kd)1.5, with the grain diameter d, the

density ρ0 of the grains, packing fraction φ , cell thickness

h ≈ d and adjustable constants k and C may be fitted for
all three samples, but this is not surprizing because of the
small D/d range and the free parameters k and C. The
product ρ0φh amounts to approximately 3.7 kg/m2. From
Fig. 5b, one finds k ≈ 1.6, which is larger than the com-
monly reported value of about 1.4. The constant C to fit
the graphs in Fig. 5b ranges from 3.5 for the 90 % sam-
ple to about 6 for the pure hydrogels. This proportionality
factor C accounts, for instance, for details of the orifice ge-
ometry. Considering Fig. 5a, one has to conclude that this
factor depends upon the instant fill height, viz. the pres-
sure at the container bottom, in the pure hydrogel and the
5 % HF spheres samples. This is also evident from the flow
rate of the pure hydrogel sample as a function of D for
three different height ranges, shown in Fig. 5(c).

Next, we analyze the dependence of the flow rate on the
number of HF grains in the vicinity of the orifice. We con-
sider a region with the shape of a half circle with a radius
of 5 d above the orifice. For large bed heights (h > 37.5 cm)
the flow rate is clearly decreasing when we have more than
3 hard grains in this region, i. e. the presence of hard, fric-
tional grains near the bottleneck has a noticeable effect on
the outflow (see Fig. 6). For h < 37.5 cm, no such decrease
was detected. When the pressure at the bottom is already
very low, the addition of hard grains has little effect on the
outflow dynamics. The explanation is straightforward: the
elasticity of the hydrogel plays a role primarily when there
is high pressure at the orifice. When the silo is filled by
a 40 cm high granular bed, the pressure is approximately
3 kPa, and this pressure can deform the soft particles at
the orifice by roughly 10 % of their diameter. When the
fill height and consequently the pressure lowers, the defor-
mations are much less intense and the hydrogels gradually
approach the mechanical properties of still low-frictional
but hard grains.

4.3 Non-permanent clogging

Similar to earlier observations with pure hydrogel sphere
ensembles25, the system shows non-permanent clogging.
This is seen, for example, in the mass curve shown in Fig. 2.
The plateaus are signatures of stopped outflow. In the ex-
periment shown, with 11 mm orifice size and the silo emp-
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Fig. 5 (a) Flow rate as a function of the bed height h for pure hydrogel and for mixtures with 5% and 10 % HF spheres. (b) Flow rate
as a function of orifice size D for all 3 samples for a bed height of 40 cm < h < 45 cm and for (c) pure hydrogel samples at various bed
heights h. Small open symbols represent individual experiments, large filled symbols show averages of the respective data sets (on
average 4 experiments).

Fig. 6 Flow rate as a function of the number of HF grains in
the proximity (5 particle diameters) of the orifice. Data taken for
30 cm< h < 80 cm. Data points represent 18 measurements on
average, error bars stand for the standard deviation.

tied to about one fourth, roughly every second congestion
of the orifice ends spontaneously, without external interfer-
ence by air flushes or other. The reason for that is identified
in the viscoelastic properties of the hydrogel. While the ori-
fice is blocked, there is still motion in the upper parts of the
silo that may cause an imbalance of forces in the blocking
arches, with a considerable delay of up to several seconds.
Figure 7b demonstrates this delay. The granular material
still reorganizes in the upper regions of the container af-
ter the outflow has already stopped. During a period of
1.75 seconds, no grain leaves the orifice but the material in
the upper parts rearranges slowly. The blocking structure
dissolves after 1.75 seconds. We have plotted the configu-
ration immediately after the clog started on the right hand
hand side of the figure, behind the solid line. Comparison
with the state at the end of the clog evidences the shift of
the grains during the congestion.

The viscoelastic character of the hydrogel is the reason
for the slow dynamics of these processes. It is even more
evident immediately after the outlet of the freshly filled
container is opened for the first time, as shown in Fig. 7a.
The flow at the orifice sets in immediately, while the mo-
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Fig. 7 Space-time plots of a vertical cross section of the silo
in the central axis above the orifice (D = 12 mm). a) Mixture
with 5 % HF spheres. The grains start to flow only locally at
the orifice after it is opened (vertical dashed line). The reaction
of the material in the upper part is delayed considerably (bent
dashed line). b) After the orifice at the bottom clogs (dashed
line), the material (with 10 % HF spheres) in the upper part still
reorganizes for several seconds. The state immediately after the
outflow stopped is re-plotted behind the white gap, to visualize
the changes during the clogged state.

tion of the grains far above the orifice is delayed by up to
several seconds. Note that in silos filled with hard grains,
there is practically no such delay. This phenomenon has
been reported for pure hydrogel samples before25. The
delay times can vary slightly between individual runs of
the experiment. Compared to the pure hydrogel samples,
the addition of few percents of hard grains even seems to
slightly enlarge the average delay times.

We analyze now, how the duration of non-permanent
clogs depends on the number of hard frictional spheres
(HFS) in the vicinity of the orifice. As we see in Fig. 8(a),
the clog duration increases with an increasing number of
HFS. Hard frictional beads in the first and second layer
both have an effect on the clog duration, with a slightly
larger influence of the first layer. Another way to quantify
how hard frictional beads in the vicinity of the orifice in-
fluence the duration of non-permanent clogs is to plot the
probability that the clog is longer than a specific time in-
terval τ. This is shown in Fig. 8(b) as a function of τ in
a log-log plot. The curve characterizing a pure hydrogel
sample is very close to the curve of a mixture with 5% HFS,
when no HFS are present in the first 2 shells above the ori-
fice. However the curve is considerably shifted for those
clogs, when HFS are present in this region. Thus, the sta-
bility of blocking arches clearly increases when hard fric-
tional grains are present in them. This can be understood
intuitively.

4.4 Arch structure analysis

An advantage of the 2D bin with narrow orifice widths is
that only few types of clog structures are formed. First,
we characterize these clogs by the number of particles in-
volved in the first layer. The most frequently encountered
structure in all three orifice sizes is the nearly symmetric
four-particle arch, as seen in Fig. 1, bottom. Also, the
nearly symmetric two particle clogs are encountered more
often than the other structures when the orifice width is
two sphere diameters or less. Some typical structures are
shown in Fig. 9.

Figure 10 shows the statistics of clog structures grouped
by the number of particles in the blocking arch for three
orifice sizes and two mixture compositions. Here, we ana-
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Fig. 8 (a) Clog duration as a function of the number of high fric-
tion spheres (HFS) in the vicinity of the orifice. The data sets
correspond to cases when only the first layer, or the first 2 layers
are considered. Data points represent 13 clogs on average, er-
ror bars stand for the standard deviation. (b) Probability of non-
permanent clogs longer than τ as a function of τ on a log-log
scale.

Fig. 9 Typical structures of blocking arches. The 2 and 4 par-
ticle arches were taken from snapshots of clogged states of the
11 mm orifice videos, the 3 and 6 particle arches from 13 mm
orifice videos.

lyzed blockages that lasted 1.5 second or longer, and we
did not distinguish between temporary congestions and
permanent clogs that had to be destroyed by air flushes.
Clogs with more than 5 particles do practically never form,
three-particle clogs and five-particle clogs were found more
often in the larger openings. Four-particle arches represent
more than 80 % of all blocking structures. Therefore, we
focus primarily on the latter in our further analysis. Within
the statistical error, there are no significant differences be-
tween the two mixtures.

We will now analyze the composition of these blockages,
primarily of the most frequent four sphere arches. Figure
11a shows the relative amount Xhf of hard grains in the
blocking structures, separately for four sphere arches and
all others. White numbers the number of arches of the
respective type that occurred, summed over all evaluated
experiments. We do not distinguish here between the in-
dividual positions in the arches. The particle that finalizes
the blockage may have arrived from above or from a side.
Horizontal dashed lines indicate the percentage xhf of hard
grains in the mixture. The result is that hard grains are
present in the blocking arches nearly two times more fre-
quently than globally in the sample. This holds, within the
statistical uncertainty, for both mixtures with xhf = 0.05 and
0.1, and for all three orifice sizes. In arches with other than
four components, the HF grains are even more strongly
over-represented, yet the statistical error is much larger for
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Fig. 10 Number of particles forming the blocking arches at the orifice for two mixture compositions and three orifice sizes. It is seen
that neither the composition of the mixtures nor the variation of the orifice width influences the dominance of 4 particle clogs. Clogs
consisting of 2 particles are much less probable in the larger orifices, which is intuitively clear.

these numbers because of the smaller number of arches
found.

One can make the simple assumption that Xhf and xhf are
related by the approximation

Xhf =
xhf phf

xhf phf +(1− xhf)phyd
. (1)

This equation allows us to get a rough estimate of the ratio
of the blocking probabilities phf/phyd of hard and elastic
components of the mixture:

phf

phyd
=

Xhf(1− xhf)

xhf(1−Xhf)
(2)

Taking the values of xhf of the mixtures and a factor
of Xhf ≈ 2xhf, one obtains phf/phyd ≈ 2.2. Hard grains are
nearly twice as probable to get stuck in a blocking struc-
ture at the orifice, independent of D for all orifice widths
studied here. It is also interesting to check how often hard
spheres appear in the next layer of grains above the block-
ing arch. This is analyzed in Fig. 11(b). As expected, the
occurrence of hard spheres is not significantly enhanced
there, the slight deviation from xhf is within the statistical

error.
With the relative frequency of Xhf of around 0.21 in four-

particle arches in the 10 % HF spheres mixtures, assum-
ing that the occupations of site of the blocking arch are
independent of each other, one would expect that approxi-
mately 41 % of all arches contain one hard grain, and 18 %
two hard grains. Actually, the experimentally determined
share is somewhat smaller but within the statistical error.
On the other hand, in the 5 % mixtures one has Xhf ≈ 0.1,
which leads to expected 29 % of blocking arches contain-
ing a hard particle. This is in good agreement with the
experiments. When one analyzes the 4-sphere arches in
more detail, one finds a statistically significant larger share
of HF spheres at the two lateral positions (more than 60 %)
than at the two upper, central positions. The reason may
be that the blocking by hard grains is nearly twice as effec-
tive when they are in contact with the ground plate, where
they can efficiently hinder lateral motion of grains.

5 Numerical analysis

5.1 Numerical Model

The numerical simulations were carried out with the open
source Discrete Element Method (DEM) granular simula-
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a)

b)

Fig. 11 Statistics of the occurrence of HF spheres in the block-
ing arches in the experiments. The white numbers indicate the
number of events compiled in the column. a) Composition of the
arch, viz. the first coordination shell above the orifice; fractions
Xh of hard beads compared to the bulk concentrations xh (dashed
lines). The left section includes all clogs of at least 1.5 s duration.
In the middle, the statistics for 4-sphere arches is shown. On the
right, data of 2-sphere arches are collected. b) Concentration of
HF spheres in the second coordination shell, averaged over all
clogs.

tion software LIGGGHTS30. For the calculation of the inter-
particle force ~Fi j, a Hertz-Mindlin contact model was cho-
sen31, including a normal ~Fn

i j and tangential ~F t
i j compo-

nent, both modeled as a short-range spring dashpot inter-
action. The elastic and damping particle-particle interac-
tion coefficients are well reproduced by the model, given
several input parameters, such as, the Young’s modulus Y ,
the restitution coefficient en and the friction coefficient µ.
Furthermore, the Coulomb friction constraint is applied.
The tangential force is cut off so that |~F t

i j| < µ|~Fn
i j| is sat-

isfied. The used integrator resolving the particle positions
and velocities, was chosen such that in a purely elastic col-
lision, energy would be conserved. In other words it is
stable. Besides, as a simplification, we assumed the con-
tacts between particles to be independent of each other.
However, it has been shown in the past32 that when soft
particles are densely packed, a force model taking into ac-
count multiple contacts better captures the experimental
response. We partly compensated this effect, using the up-
per bound value of Young’s modulus (experimental estima-
tion), for the soft low frictional particles.

The numerical geometry mimics the experimental setup,
i. e. the width of the flat container is 40 cm, the thickness
of the cell is 6.12 mm, only slightly larger than the parti-
cle diameter d = 6 mm. The two species of particles have
the same size. Thus, the system is monodisperse. How-
ever, the mechanical properties of the constituents differ
notably in their stiffness and friction. For the contact be-
tween soft low-friction spheres we set a Young modulus of
Yhyd = 100 kPa and a friction coefficient of µhyd–hyd = 0.02.
Note that these values are consistent with earlier studies33.
Besides, ball bouncing experiments led to a rough esti-
mation of the hydrogels’ restitution coefficient, resulting
enhyd–hyd = 0.5, approximately.

The contact between two airsoft bullets (hard, frictional)
was mimicked using a Young modulus Yhf = 500 Yhyd = 50
MPa, µhf–hf = 30 · µhyd–hyd = 0.6 and en = 0.8. In order to
discriminate the effect of friction, we pursued simulations
with three distinct inter-species frictions µhf–hyd = 0.05, 0.2,
and 0.3. The friction with the walls was set equal to the
particle–particle friction i.e. µhf–wall = µhf–hf and µhyd–wall =

µhyd–hyd, but the friction of hydrogel-like particles with the
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bottom plate was assumed to be similar to that with the
frictional species, µhyd–bottom = µhyd–hf. Using these param-
eters, we detected a maximum particle overlap of around
10% in terms of the particle diameter. Those particles were
usually found in the bottom of the system when the silo is
full.

The used set of orifice widths was D = 11,12,13, and 14
mm corresponding to aspect ratios of ρ = 1.83,2.0,2.17,
and 2.33. Similar to the experiments, we are able to
observe the clogging, intermittent and continuous flow
regimes using this range of orifice widths. A simple pro-
cedure was implemented in order to resolve the occurring
clogs. The number of particles exiting the container was
checked every second, in case it was found to be zero, par-
ticles located only 5 mm away from the center of the ori-
fice were removed from the simulation. Additionally, parti-
cles located in the vicinity of the hole were moved upwards
within 0.1 s, imitating an air flush. Simulations for each set
of parameters were run four times with different random
initial packings, which are taken into account in Section 5
in order to improve the accuracy of results.

Despite the simplicity of the interaction model, used to
describe the particle-particle and particle-wall collision, the
numerical results confirm that the presence of a small frac-
tion of hard frictional particles notably impacts the outflow
dynamics. The contact between different species, charac-
terized by a friction coefficient µhyd–hf, turns out to be an
important parameter of the model.

5.2 Flow rates

In a first step, we examine the outflow as a function of the
mixture composition, fixing the size of the orifice and us-
ing µhyd–hf = 10 µhyd–hyd. Figure 12(a) displays results ob-
tained for a system containing only soft, low-friction parti-
cles, and systems with 5%, and 10% of hard frictional par-
ticles, the remaining spheres being soft, with low-friction.
As noticed, the addition of even a small number of hard
frictional grains leads to a significant reduction of the mass
discharged for the same period of time. The homogeneous
system of soft, low-friction particles discharges much faster
while adding hard frictional particles induces the forma-
tions of clogs, where the particle flow is interrupted ran-

domly. Moreover, similar to the experimental scenario,
both the frequency and the duration of the clogs increase
with the increasing fraction of hard, frictional particles. For
clarity, Fig. 12(b) also shows the analysis of the mass vs.
time curves, after removing the periods of time in which
the flow rate is zero (between avalanches). These data al-
low us to numerically obtain the evolution of the mass flow
rate dm/dt in time, as well as to analyze its dependence on
the filling height and orifice size.
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Fig. 12 Discharge characteristics calculated numerically for D =

11 mm, µhyd–hf = 0.2. The top graph shows the original data, the
bottom graph presents the same data adjusted by trimming the
phases of stopped outflow.

For further analysis, it is necessary to accurately resolve
the time evolution of the granular bed height. The mean
bed height h(t) is obtained by sampling ten equally sized
vertical slices, and locating the highest particle hk in each of
them. Then, the value of h(t) is found as the average of that
set. For this purpose, we use the trimmed data as shown in
Fig. 12b, thus h(t) is a function of the trimmed time. Figure
13a exemplifies results of this procedure for a system with
5% of hard frictional particles µhyd–hf = 2.5 µhyd–hyd, and
orifice diameter D = 12 mm. The main figure shows the
height versus time behavior, while the inset illustrates the
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evolution of the height versus mass remaining in the con-
tainer during discharge. The latter slightly deviates from a
straight line due to the compression of particles, contrary
to usual hard granular media where the height is approx-
imately linearly proportional to the mass in the silo. In
addition, the dependence of the mass flow rate dm

dt on the
column height can also be deduced numerically, see for ex-
ample Fig. 13(b).
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Fig. 13 Discharge characteristics calculated numerically for
µhyd–hf = 0.05, D = 12 mm, 5% hard spheres. The top image
shows the granular bed height h(t) using the trimmed data, the
bottom image gives the discharge rate as a function of the height.
Small statistical fluctuations result from the computation proce-
dure, while the trend of decreasing flow rate with lower bed height
is systematic.

Figure 14 summarizes our systematic study of the mass

flow rate dm
dt versus height h, performed numerically.

Specifically, we executed simulations varying the system
composition and the friction coefficient between both par-
ticle types, µhyd–hf, keeping the orifice diameter of D =

12 mm constant. In general, the numerical outcomes re-
flect similar trends as the experimental ones, (see Sec. 4.2).
First, the numerical model reproduces that the mass flow
rates for mixtures and for the homogeneous system of soft,
low-friction particles strongly decrease with decreasing fill-
ing height in the experiment. In addition, we also detect
numerically that this trend is affected significantly when
the mixture composition changes: already a small amount
of hard frictional particles notably influences the discharge
process. Furthermore, as the concentration of hard fric-
tional particles is increased, the changes in flow rate be-
come weaker, and the system tends to recover the ”classi-
cal granular response” of a height-independent mass flow
rate.

Additionally, we numerically explore the impact of the
inter-species friction coefficient µhyd–hf on the results, keep-
ing µhyd–hyd and µhf–hf constant. Figures 14(a), 14(b)
and 14(c) illustrate outcomes corresponding to µhyd–hf =

2.5µhyd–hyd, µhyd–hf = 10µhyd–hyd, and µhyd–hf = 15µhyd–hyd,
respectively. First, it is obvious that the value of µhyd–hf

significantly impacts the magnitude of the mass flow rate
dm
dt . Besides, the impact of the hard frictional particles is
enhanced, as µhyd-hf increases. Thus, the system’s response
approaches a height independent mass flow rate.

Figure 15 shows the mass flow rate obtained for dif-
ferent orifice diameters. For clarity, the calculations have
been performed with constant µhyd–hyd = 0.02 and µhf–hf =

30 µhyd–hyd and exploring the impact of µhyd–hf on the re-
sults. The presented data correspond to averaged values
over different time intervals, in terms of the displacement
of the granular bed’s surface. As expected, we detect that
the mass flow rate increases with increasing orifice diam-
eter. Similar to the experimental results, the data can be
approximated in this narrow range by a linear increase.
The specific values of the flow rate decrease significantly
with the introduction of hard frictional particles. In addi-
tion, we also observe that the friction coefficient between
particles of different types significantly affects the outflow
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Fig. 14 Numerically calculated flow rate as a function of bed height for different mixture ratios and an orifice size of D = 12 mm. The
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dynamics. Specifically, the flow rate is notably reduced
when increasing µhyd–hf. This suggests that stable arches
composed of different particle types play a significant role
in the outflow dynamics. It is plausible that the increase
of µhyd–hf enhances the stability of mixed arches, which is
even noticed when µhyd–hf = 2.5µhyd–hyd.

5.3 Pressure characteristics

Section 4.2 and Ref.25 include experimental results which
indicate that changes of the mass flow rate with the height
correlate with changes of the pressure at the bottom of the
system. Figure 16 illustrates the numerical outcome of the
pressure at the bottom of the silo, obtained for several mix-
ture compositions and particle frictions µhyd–hf. Note that
for a homogeneous system composed of low-friction parti-
cles, the curve is very close to hydrostatic behavior (linear
increase). The observed deviation is consistent with the
low but still nonzero friction coefficient (µhyd–hyd = 0.02)
of the particles. Similar to the experimental findings, the
pressure at a given time (or granular bed height) changes
significantly in the simulations if hard frictional particles
are added, and the system response deviates from hydro-
static behavior. This shows that the presence of hard and
frictional particles induces scattering of the stress transmis-
sion with respect to the direction of gravity. As a result,

the stress transmission to the container walls is enhanced.
Once again, we find that the value of µhyd−hf is highly rel-
evant, as the previously described trend enhances with in-
creasing µhyd−hf.

5.4 Flow intermittency and structure of the arches

The statistics of the passing times δ t, defined as the time
lapse between the passing of two consecutive particles
through the orifice also reveals interesting features of the
clogging process. In Fig. 17, we illustrate the probabil-
ity distributions p(δ t) obtained in systems with different
compositions for comparison. The first issue is the notable
presence of very fast events, which are less likely when a
small amount of hard frictional particles is added. Similar
to the experimental trend of the clogging statistics, the tail
of the distribution also gets slightly fatter if one increases
the percentage of hard grains in the mixture. The distribu-
tion also shows a well defined peak at td ≈ 0.006 s, regard-
less of the inter-species friction µhyd–hf (see Fig. 17 inset).
In those specific cases, we find that the most probable verti-
cal velocity of particles crossing the orifice is vd ≈ 0.55 m/s,
significantly larger than the corresponding free fall value√

2gR. This numerical result indicates that the up-down
pressure gradient at the orifice region notably affects the
particle outflow. Moreover, it also suggests that on average
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two consecutive particles leave the silo within a vertical
distance of approximately D/2.

After identifying the characteristic time of the passing
times’ statistics, we here define an infinite passing time
when δ t = 1 s, for practical reasons. After that, the sys-
tem is considered permanently clogged, and a stable arch
blocks the orifice. Fig. 18 illustrates the statistics of the oc-
currence of hard frictional spheres in the blocking arches.
One of our main findings is that in all cases, the fraction
of hard frictional particles forming arches was higher than
their bulk fraction, indicated by the horizontal dashed line.
We achieved the closest match to the experimental results
for all clogs when an inter-species friction µhyd–hf = 0.05
was chosen. Seemingly, the larger the orifice size is, the
more frequently hard frictional particles occur in arches,
while the number of blocking events decreases. Consis-
tently, the increasing inter-species friction also enhances
the occurrence of hard frictional spheres in arches consid-
ering all clogged states, which again shows its relevance.
To gain better insight, we separately examined clogged
states with arches composed of only two particles: In these
cases, the arches are overwhelmingly often made up of
two hard frictional spheres. Moreover, increasing the inter-
species friction decreases the occurrence of hard particles
in the arches. This effect can be easily explained by the
transition from arches composed of two hard spheres to
the configuration with one hard and one soft sphere.

6 Discussion and Summary
Our results clearly show that the addition of a small per-
centage of hard grains to an ensemble of soft, low-friction
spheres has dramatic consequences for the flow through
a narrow orifice and the clogging statistics in a quasi-2D
silo. First, one finds that the outflow rate of pure soft grain
ensembles through narrow orifices depends upon the pres-
sure at the silo bottom, which is in contrast to Beverloo’s
model for hard grains. Second, one observes that the addi-
tion of a few percent of hard spheres restores the pressure-
independent outflow characteristics predicted by Beverloo
(Fig. 5(a)). Moreover, the discharge rates of all mixtures
approach each other at low container fill heights (Fig. 5a).
The reason is obviously that the elasticity of the soft grains
is less important when the pressure near the orifice is low,

then their deformability can be neglected. On the other
hand, at high fill levels of the silo, the increased pressure
at the bottom can deform the soft grains and squeeze them
through the orifice efficiently. Therefore, the outflow rate
at a fill height of 40 cm (pressure ≈ 3 kPa) is approximately
2.5 times higher for the pure hydrogel sample than for the
10% mixture. This cannot be explained by the smaller fric-
tion coefficient29 of the hydrogel compared to the hard
frictional spheres, since the concentration of the latter is
small. The effect of the number of hard frictional grains in
the vicinity of the orifice on the flow rate is in accordance
with the above described observations. At higher fill levels
(h > 37.5 cm), the flow rate is found to decrease when the
number of HFS is larger than 3 in the proximity (5 d) of the
orifice (Fig. 6). At low fill levels, when the pressure near
the orifice is low, increasing the number of HFS around the
orifice does not affect the flow rate significantly.

We note that a comparison of outflow rates with those
of a pure hard sphere ensemble is not possible because the
latter will permanently clog at orifice widths smaller than
2d, with mean avalanche sizes well below 10 particles.

Even though the probability of two hard grains reaching
the orifice simultaneously and blocking the outlet is very
low, we find a substantial influence of hard frictional par-
ticle doping on the clogging statistics, both in experiment
and simulations. The probability that a hard frictional par-
ticle is involved in the formation of the blocking arch is,
on average, twice as large as for soft hydrogel spheres
in the mixtures. However, the time evolution shown in
Fig. 4 shows that the effective discharge is considerably
delayed by frequent intermittent stagnations of the flow in
the doped mixtures.

The material forms non-permanent clogs which are re-
solved after some delay, because of slow reorganizations of
the packing structure in the granular bed within the com-
plete container above the orifice. This reorganization oc-
curs on a timescale of a few seconds, as illustrated by Fig.
7(a). Interestingly, the probability distribution of clog du-
rations is very similar for a pure hydrogel sample and a 5%
mixture if no HFS are present in the first two layers above
the orifice (Fig. 8(b)). The clog duration clearly increases
when HFS are present near the orifice. This observation
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underlines the important role of hard frictional beads in
the vicinity of the orifice.

Numerical simulations also shed light on the impact of
the inter-species friction on the dynamic behavior of the
granulate. For instance, the deviations in the flow rate
between the different ensembles were enhanced when in-
creasing µhyd–hf (see Fig. 14 and Fig. 15). Moreover, the to-
tal vertical force acting on the bottom wall is also slightly
affected by this parameter (see Fig. 16). In general, in-
creasing the friction between the two types of particles
leads to more frequent clog events, and in those, the occur-
rence of HFS in the blocking arches is favored, significantly
(see Fig. 18). One explanation of the much higher impor-
tance of µhf−hyd as compared to µhf–hf is the fact that owing
to the low concentration of hard frictional grains, the prob-
ability of direct contacts of two hard grains is substantially
smaller than that of a HF sphere and a hydrogel neighbor.

It is worth mentioning, that the contact model used in
our study does not quantitatively reproduce the charac-
teristic time of the unstable clogs obtained experimentally
with low-frictional hydrogels. In fact, the Hertz-Mindlin
contact model is more suitable for reproducing the behav-
ior of hard grains, where clogs are typically very stable.
However, both experiment and simulations are in good
qualitative agreement, and allow a comprehensive analy-
sis of the system from complementary points of view. This
study demonstrates that the behavior of mixtures of grains
with different frictional and elastic properties cannot be
described by a simple interpolation of dynamic parame-
ters, but that already the presence of a low percentage of
one of the species can alter the dynamics substantially. In
many practical situations, for instance in agriculture, but
also in natural phenomena like mud or debris flow, the co-
existence of grains of very different sizes and mechanical
properties is the rule, not the exception. It adds a new
level of complexity that has been studied only scarcely in
the past. Here, we have peeked into this complex field by
restricting our study to monodisperse materials, in a quasi-
2D geometry. We also restricted the discussion to small
doping percentages. This is a considerable simplification
of relevant practical cases, but it shines a light on the var-
ious phenomena expected in such systems. Finally, further

investigations should be carried out, addressing the signif-
icance of adding rigid grains in the evolution of the force
chains and contact network.
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Appendix A
The statistics of avalanche size distributions for hard grain
samples can be described following the model of Thomas
and Durian34. They assume that the probability p that a
clog is formed when the n-th particle is discharged is con-
stant. Then, the probability that a clog stops an avalanche
of size s is

ps = (1− p)s−1 p = pexp
(
− s−1

s0

)
. (3)

(the first particle passes with probability one, otherwise
there is no avalanche) with s0 = −1/ ln(1− p). The mean
avalanche size 〈s〉 amounts to

〈s〉=
∞

∑
s=1

s ps =
1
p
. (4)

This quantity is a characteristic parameter often used in
the description of silo discharge statistics. For all practical
situations (i. e. 〈s〉 � 1), both quantities 〈s〉 and s0 can be
considered equal. Experimentally, it is easier to evaluate
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the cumulative probability Π(S) of avalanches having a size
larger than S

Π(S) = (1− p)S. (5)

(S particles have passed the orifice with probability (1− p)
each). The avalanche statistics is found straightforwardly
from a fit of the exponent in Π(S) = exp

(
− S

s0

)
. In a mix-

ture of hard and elastic grains, one can assign different
blocking probabilities phf and pe ≡ phyd to the respective
components.

For soft grains, the blocking probability is a function of
the container fill height19. When the pressure at the ori-
fice is high, phyd is small, and it increases with lowering
pressure. The consequence is that the avalanche size dis-
tribution changes with fill height, the avalanches become
shorter on average while the container empties. Yet in any
case, phyd is considerably lower than for hard grains of the
same diameter. Experiments with mixtures can provide the
relative occurrences of hard and soft grains in the block-
ing arches, which yield a quantitative measure of relative
blocking probabilities.
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