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Hoppers are one of the most popular devices implemented to allow precise flow control mechanism when dis-
pensing granulate materials from silos and other containers. Despite its ubiquity in many industrial processes,
the effect that hopper geometry has on the flow rate is still poorly understood. In this work, we study the influ-
ence of the hopper angle on the main two variables that determine the flow rate: the solid-fraction and the ve-
locities of the particles. To this end, we use a quasi-two-dimensional system which allows a precise
characterization of the profiles of these variables at the orifice. Using these experimental results, we compute
the flow-density vector and obtain the resulting expression for the volumetric flow rate. Finally, we compare
this expression with an equation introduced back in 1961 by RL Brown.

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

One of the most common procedures implemented in any industrial
process is the delivery of grains through orifices. Such a situation
provides a simple mechanism to distribute, mix or manipulate raw or
processed materials in a large variety of practical scenarios [2]. Despite
its apparent simplicity, a large number of technical problems must be
carefully attended to guarantee the correct operation of these devices.
Although the easiest and straightforward method to control the deliv-
ered mass is to modify the exit size, there are other parameters, like
the hopper angle, that can be easily adjusted in practice. Nevertheless,
we still lack a true mathematical expression relating flow rate, outlet
size and hopper angle. Even the prediction of the most straightforward
case -the flow rate corresponding to a flat bottom silo - is not entirely
understood in terms of micromechanical variables. Early in the sixties,
Beverloo et al. [3] proposed the most commonly used expression that
correlates flow rate and outlet size for bunkers:

W = Cpy8(D—kd)>? (1)

where pg = puds is the bulk density (i.e. the particle material density
pu times the bulk volume fraction ¢3), D is the exit orifice diameter, d
the typical grain size and C, k are fitting parameters.
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The arguments used by Beverloo (initially introduced by Hagen in
1852 [4] and subsequently rephrased by Nedderman [5]) assumed
that the grains exit velocity scales with the outlet size as vD. Whereas
the fitting parameter C in Eq. 1 seems to be related with the material
properties (such as the friction coefficient), the role of k is more subtle.
This parameter - introduced by Brown and Richards in 1970 [6] - is con-
nected with the idea that particles, when flowing through the outlet,
can not approach the border beyond a specific scale kd, determining in
consequence an effective outlet size of diameter (D — kd).

At the beginning of this century, Mancok et al. [7] introduced a new
expression inspired in these previous works:

W=Cp, [1—a1e*D’/az] VE(D'—1)*" 2)

In this equation, the outlet size is normalized by the particle typical
diameter, D’ = D/d, and the k parameter is excluded. The authors also
suggest that the apparent density of the material at outlet neighbor-
hood, p,, depends on the orifice size and does not match with the bulk
density, i.e. p, < pp.

More recently, Janda et al. [8] developed an alternative approach
based on the of velocity and solid-fraction profiles measured at the out-
let of a quasi-2D silo. In that work, it was shown that these profiles are
self-similar when are rescaled with their values at the exit centre. Ex-
pressions proposed to describe these magnitudes at the 2D-silo exit are:
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and consequently, the flow rate will be given by:
W = C"py . V¥ERY? ©)

where C" = V23 G, 14 [a+ b]) with the 3-function, defining the hor-

izontal dependence of the flow-density profile through the parameters
a and b; ¢ is the volume fraction at the exit centre and 7y quantifies
the particle acceleration along the container vertical axis [9]. In particu-
lar y coefficient is defined as the integral of the normalized acceleration,
a(z)/g, along the normalized coordinate, h = z/R:

_ [[a2
vf/o S (6)

Similar ideas were posteriorly implemented by other authors to re-
produce the silo flow rate in different scenarios [10]. Importantly, the
role of 7y has been proved to be also useful to describe polydisperse sys-
tems [11,12] Apart from these two expressions, other correlations be-
tween the outlet size an the mass flow rate have been proposed; an
exhaustive list of them can be found in [13].

Let us now revise some of the arguments historically used to include
the hopper angle role in the flow rate expression. In 1960, R.L. Brown
and J.C. Richards [1,6] imagined the existence of a surface above the out-
let from which the grains fall only under the gravity action, naming it
free fall arch. Hence, their analysis provided a practical framework to in-
tegrate the material flow-density leading to an expression for the dis-
charge rate. Two relevant assumptions were used to do that: a) the
free fall arch has spherical symmetry and b) the material apparent

Fig. 1. Experimental setup: (a) Half million of steel beads (d = 0.1cm) are contained in a quasi 2D silo conforming a single vertical layer. The discharge takes place through a hopper at the
bottom. (b) Detail of the outlet which size is characterized by D = 2R. In this case, the aperture is small (D = 3.5d) and a clogging event could eventually occur. The three hopper angles

explored in this work, (c) a« = 10, (d) a = 30’, (e) & = 60".
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density near the outlet region is invariant and coincides with the bulk
density. Accordingly, the angular dependence of the velocity field at
such hypothetical surface can be calculated under the Minimum Energy
postulate [1], resulting in the volumetric flow rate expression:

m(1— cos3/zoz)

Q™ (o) = {6 } pVE(D—kd)*? ™
sm a

for a cylindrical hopper, and

Jo VcosBdo

Q* () = {sm }cb V/2gl(D—kd)* (8)

for a 2D silo. Here, 6 is the cenital coordinate, cis the hopper angle, and [
is the layer depth. Let us mention that Nedderman used a similar ap-
proach, named by him Hour Glass Theory [5], introducing a formal rela-
tionship between the angular and radial stress directions inside the
hopper. However, we will not further develop this idea here as this ap-
proach is unpractical for the 2D case.

In this work, inspired by Brown&Richards approach, we investigate
the hopper angle effect on the velocity and solid-fraction profiles, and
consequently, on the flow rate. Apart from the flat bottomed case,
three other representative hopper angles are studied to unveil the effect
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of this variable on velocity and solid-fraction. The election of these an-
gles is founded in the predictions of Eq. 8.

2. Experimental setup

The setup is approximately the same used in previous experiments
[8,9,14] where a single layer of monodisperse steel spherical beads
(0.1 cm diameter) was discharged through an central slit of width D
in the base of a flat silo. In this case, the silo has been constructed
sandwiching 0.1 cm stainless steel sheets between 1 cm thick glass
panels. As the sheets determine the gap between glass boundaries, we
have supplemented them with aluminum foils of 0.01 cm thickness to
mitigate lateral friction effects on the beads. In order to fix the hopper
angle, the sheets have been cut by a precision laser cutting machine.
Fig. 1 shows an entire view of the experimental setup and a detail of
the hopper used. In this work, we report the results corresponding to
three different hopper angles, « = 10°a = 30° and o = 60° besides of
the flat bottom silo, @ = 90°. Note that in a previous work [14], with

. . m
the same experimental setup, the wall tilt angle, 3 = i—a, was used

to characterize the hopper inclination. Nevertheless, here we will use
the established technical notation of the “hopper angle” (or “hopper
half angle” [15]) as the angle defined between the vertical direction
and the tilted exit wall.
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Fig. 2. Experimental results: Each dot corresponds to the particles’ horizontal (a) and vertical (b) velocities and (c) its angular deviation. (d) 2D-solid-fraction profile. All the results
correspond to the largest explored orifice, R = 2.0cm. The inset in (b) zooms the velocity values (including its typical error bar) near the outlet border.
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The lateral sheets location also determines the silo width (280 bead
diameters in the worst case) and sets the outlet aperture D = 2R (Fig. 1.
b). Note that we use the notation used in [8] for the slit span, setting the
coordinate system origin at the centre of exit slit. An intense LED panel
illuminates the outlet region from rear, while a high-speed camera
(FASTCAM Mini UX100) with a macro lens is used to record videos
from the front. Optical field of view was selected attending two crucial
requirements: i) the spatial resolution necessary to measure the particle
position with reasonable precision (around 25 pixels per millimeter)
and ii) the need to explore a broad region near the exit orifice to charac-
terize the fields in the outlet neighborhood. Also, to perform the beads
tracking, it is crucial to guarantee that their displacement between
two consecutive frames is smaller than half the particle diameter. This
fact imposed a camera frame rate that reached 4000 fps in some
cases. High shutter speed was also used (10~° seconds) to prevent
blur effects at the particles edges.

From the video images, a hand-made post-processing image proto-
col detects all the particle centroids which are used to calculate the ve-
locity vectors with high accuracy. To estimate the experimental error,
we neglect the temporal uncertainty which is around tens of nanosec-
ond and assume the worst situation respect the spatial displacement;
i.e. we consider that centroid displacements between two successive
frames lies with equal probability in the interval fixed by the image
discretization. Hence, the error bars indicated for all the velocity signals
are given by the [pixel length - fps/\/3] [16].

Along this paper, we will focus our analysis on the velocity exit, de-
fined just at the outlet plane,v(z = 0) = €su + € ,v.In the same way, we
use the solid-fraction at z = 0, which is computed from the centroids
positions and the radius of the particles using a simple trigonometric re-
lationship. Finally, the calculated solid-fraction for each frame is then
averaged over all frames registered. The flow rate is given by the num-
ber of particles passing through z = 0 divided by the period of observa-
tion. Typical experimental runs imply the registration of more than 4
- 10° centroids passing through the outlet.

3. Experimental results
3.1. Solid-fraction and velocity profiles

Let us start describing the kinematic variables near the outlet; i.e. the
particles horizontal and vertical velocities, their alignment against the
gravity direction and the exit solid-fraction profile. Fig. 2 shows a typical
set of observations corresponding to the largest exit orifice studied (D
= 4.02 4- 0.01 cm) and a hopper angle, & = 60°. Figs. 2.a,b display the
horizontal, u, and vertical, v, velocity of 2 - 10° particles passing through
the outlet. Despite some dispersion, both magnitudes display a high de-
gree of symmetry around the orifice centre. Remarkably, both figures
show that a good number of particles pass through the region adjacent

to the orifice border (see inset of Fig. 2.b). It is also evident that the wall
induces some degree of order due to the use of monodisperse beads.
These observations agree with the results reported for flat bottomed
silos and confirms that the idea of empty annulus or reduced effective or-
ifice is unreal and must be considered as a vague approximation. Fig. 2.c
reports the angular orientation of the velocity vectors (with respect to
gravity), evidencing a large dispersion of this magnitude near the outlet
border. A careful inspection of the high-speed movies revealed that
many particles pass through this zone with an orientation almost paral-
lel to the z-coordinate. All these results are coherent with the 2D-solid-
fraction displayed in Fig. 2.d. Again, the signal oscillation near the border
reflects the particle order. However, oscillations almost disappear when
the distance from the outlet border increases, where the solid-fraction
profile becomes almost flat. Note that even for this large exit aperture
(around twenty particle diameters) the maximum of ¢ is slightly
below the 2D bulk-solid-fraction (¢p =~ 0.91).

After describing the general features of the data obtained for the dif-
ferent explored parameters, let us analyze their dependence with the
outlet size and the hopper angle. To this end, we concentrate on v and
¢ as these magnitudes determine the outlet volumetric flow-density,
and consequently, the hopper flow rate. Fig. 3 shows the velocity pro-
files corresponding to D = 2 cm (small differences exist between the
three values of D) and @ = 60°, 30° and 10° respectively. As can be ap-
preciated from the figure, the hopper angle controls both, the velocity
profiles shapes and the magnitude of this variable at the slit centre.

Two different relationships could be used to fit the data displayed in
Fig. 3. The first one is the same expression used in [8,10]:

Vi(Ve, @) = ve - (1—(X/R)2)a )

where the exit velocity at the orifice centre, v, is a free fitting parameter
and the profile shape is controlled by a. Although this expression repro-
duces very well the coarse-grained velocity profile, it imposes a
vanishing velocity at the outlet border; clearly this fact is not true for
the velocity in a hopper.

To solve this disagreement an alternative expression can be used ex-
tending the ideas introduced in [9]:

vi(,a) = V28R (1=(x/yR)?)" (10)

Here, v. = 1/2g7yR depends on a length proportional to the outlet
size, YR, that also controls the sliding velocity at the outlet border. In
this equation vy is a free fitting parameter although their influence on
v, is justified by Eq. 6.

Fig. 3 evidences that both approaches predict basically the same
coarse-grained profiles for all the experimental points, despite the ex-
pected disagreement for x > R. Furthermore, v, is essentially the same
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Fig. 3. Angular dependence of the exit velocity: Experimental data for (a) & = 60", (b) « = 30"and (c) o= 10". Only 10% of experimental results are displayed. Dashed and continuous lines
correspond to the fittings of Eq. 9 and Eq. 10 respectively.
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in both fittings (in the worst case, it differs less than 5%). For practical
reasons, we use Eq. 9 to fit all the experimental data and obtain the cor-
responding values of v, for the explored hopper angles and for all the
outlet sizes investigated, v (o, R).

After this, we rescale the measured velocities by its corresponding v,
and its x-coordinate by R as it was done in [8]. Applying this scaling, all
the profiles obtained with the same hopper angle collapse, as shown in
Fig. 4.(a-c). Therefore, a single expression can be used to describe the
collapsed data for each hopper angle. Again, we check that using Eq. 9
or Eq. 10 has not a substantial impact on the profiles obtained (see
lines in Fig. 4.(a-c)). Nevertheless, as we mentioned above, the use of
one or another fitting function imply non-trivial consequences in its ki-
nematic interpretation. Eq. 9 is conditioned by the requirement of hav-
ing a null velocity when x = R, but does not provide any argument about
the physical origin of v; on the contrary, Eq. 10 uses the factor y to ac-
count for the acceleration profile in the vertical direction [9]; in addi-
tion, the fit quality suggests that y controls the sliding velocity just at
the hopper border. Finally, the exponent a sets the profile curvature,
which is conditioned by the kinetic stress symmetry inside the bulk.

We harmonize both ideas fitting the values of v. obtained from

Eq. 9 with the expression v.(a,R) = \/2gy(a)R where a single value

>L>
=
x/R
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Table 1
Values of the fitting coefficients used for the velocity and density profiles. The values of the
flat bottom silo, & = 90", have been extracted from Ref. [8].

Hopper angle, « v a oo b

90 1.07 0.50 0.84 0.25
60 0.98 0.45 0.84 0.20
30° 1.18 0.28 0.86 0.05
10° 1.92 0.12 0.86 0.02

of y(a) is considered as control parameter. As it is clear from Fig. 4.d,
the fitting quality is good, except maybe for the smallest orifices when
o = 10°. Table 1 summarizes the parameter values used to fit the col-
lapsed profiles for each hopper angle. Clearly, the smaller the hopper
angle, the lower the values obtained for a implying a smoother (or
less curved) profiles. Moreover, the different vy values obtained for
each « indicates that the hopper angle controls the effective accelera-
tion along the vertical direction.

Let us now focus on the solid-fraction dependence on the hopper
angle. Fig. 5 summarized the results for all the explored outlet sizes.
One of the main conclusions that can be extracted is that all the profiles
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Fig. 4. Collapsed velocities profiles: Vertical velocity data obtained for several outlets when (a) & = 60', (b)ax = 30" and (c) « = 10". Dashed and continuous lines correspond to the fitting
functions v; (Eq. 9) and vy(Eq. 10) respectively. (d) Velocity at the outlet centre, v, as a function of the outlet radius R for the hopper angles indicated in the legend. Continuous lines
correspond to v¢(R) = /2gYR using the vy values displayed in Table 1. The dashed line is the prediction introduced in [8] for a flat bottomed silo.
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outlet centre ¢, as a function of half the outlet size, R. Error bars of ¢ express the parameter uncertainty obtained from the fitting function (Eq. 11). Dotted line indicates the bulk solid-

fraction limit, ¢p.

are less curved than those reported for a flat bottomed silo [8]. Like in
that work, the solid-fraction profiles obtained for a given hopper angle
can be collapsed normalizing ¢(x) with ¢, (the 2D-solid-fraction at
the orifice centre) and the x-coordinate with R (see the insets in
Figs. 5.a-c). In the same way, the profiles can be fitted by the expression:

O(be.b) = e (1= /R)’ (11)

where b determines the profile shape. Provided that the scaled data col-
lapse into a single functional dependence (except perhaps when explor-
ing small apertures), we obtain for each hopper angle a single value for
the parameter b (see Table 1). Note that the impact of this parameter on
the discharge process is rather week as all the profiles displayed in Fig. 5
are almost flat.

The values of ¢, obtained using Eq. 11 for each experimental set are
plotted in Fig. 5.d revealing that, in all cases, ¢. decreases when reducing
R. This behavior, which can be attributed to the granular dilatancy when
the material pass through small orifices, almost disappears when « is
small. Indeed, when o = 10° the difference among the maximum and
minimum values of ¢, is only 1.6%. Moreover, Fig. 5.d also reveals that
the asymptotic value of ¢, for large outlets, ¢, is only smoothly depen-
dent on the hopper angle (see Table 1).In line with the arguments intro-
duced in [8], ¢.. falls always below the bulk solid-fraction (see dashed

line in Fig. 5d). Hence, it is reasonable to assume from a practical point
of view that ¢.. = 0.85 independently of the hopper angle.

In summary, the data outlined in this section show that the hopper
angle has a notable influence on the exit velocity as v, raises when «
is reduced. On contrary the influence on ¢, only becomes relevant for
small R’s, evolving to almost equal asymptotic values for large outlet
sizes.

4. Flow rate implications

In this section, we will correlate the kinematic magnitudes described
in the previous section with the volumetric flow rate, Q. First, let us
compare the experimentally measured flow rates with the predicted
ones using the fittings of Eqs. 3 and 4. To do that we represent Q(R) ver-
sus R in Fig. 6, where we also include the oo = 90° results reported in [8].
A rapid inspection of the data shows that the flow rate corresponding to
o = 60° is slightly below the one obtained for o« = 90°. This observation,
although implicit in the expression introduced by Brown and Richards
(Eq. 8), has been experimentally evidenced in a single work [10].
Beyond this, all the measured flow rates follow the expected nonlinear
growth with R*”2 as it is clear from Fig. 6.b, where Q%2 is plotted versus
R. To understand the physics behind this result and analyze the way in
which the reported profiles determine Q, let us introduce the volumetric

flow-density vector, 7 defined as:
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T(x.2) = (12)

—?%q&(x,z) V(x,2)

2 . . . .
where §¢>(x, z) is the volumetric fraction corresponding to a mono-layer

of spheres with a 2D solid-fraction, ¢(x,z). Hence, assuming that Eqs. 3
and 4, are representative of v(x,z = 0) and ¢(x,z = 0), the volumetric
flow rate can be written as:

Q- / Txz= vc/ / —(y/RY] bdxdy (13)
After integrating,

Q- ﬁ( 1+[a+b]>§d)cvcdR (14)
Finally, using vc — \/2g7R we obtain:

QR = l}% <2, 14(at b]> TEb AR (15)

Note that eq. 15 -like the one introduced for the flow rate in the
sixties- contains two parameters relating particle kinematics with the
silo discharge rate. These parameters account for: (a) the profiles
shape through the B-function, and (b) the vertical acceleration through

the 7y factor. As B( 1+[a+ b]) is a smooth non-linear function of a +

b, small changes in the curvature profiles have a weak impact in Q. On
the contrary, as y controls the discharge velocity, it becomes the main
magnitude behind the flow rate increment when modifying the hopper
angle. Continuous lines depicted in Fig. 6 correspond to the calculated
flow rate using the [a + b] and 7y values introduced in Table 1. Impor-
tantly, ¢. is replaced by ¢. assuming that we are interested in the
limit of large outlet sizes (see Table 1). The agreement seems to be ex-
cellent as it is also corroborated when representing Q%> versus R. Nev-
ertheless, some deviations exist for low values of the outlet size,
mainly due to the approximation made when using ¢..

To unmask the hopper angle role we compare the former results
with the flow rate obtained in a flat bottomed silo in the case of large ap-
ertures, Qqo-. As depicted in Fig. 6, the predicted flow rate can be calcu-
lated replacing the parameter values introduced by Janda el al. [8] in
Eq. 15 which then reads as:

30 T T T T T T T T
25
=
20 te
+|5
~|s
e
5|3
1.5 =
1.0

T T T T T T T T
0° 10°  20° 30° 40° 50° 60° 70° 80° 90°
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Fig. 7. Normalized flow rates: (a) Experimental flow rates normalized with the prediction introduced for flat bottomed silos (Eq. 16). Dashed lines correspond to the values obtained from
Eq. 17. (b) The same factor but using the expression proposed by Brown and Richards normalized by its corresponding value for o = 90 (see Eq. 18). Square dots indicate the values of the
dashed lines in (a). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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Qqy = 23—‘@[3 G 1, 75) \/1.07g0.8450.1, R%/? (16)

assuming that ¢. = ¢ = 0.845.

Once Qq- is obtained, we use it to normalize the experimental flow
rates obtained for different hopper angles (see Fig. 7a). We can extract a
few relevant remarks from this figure. The first one is that Eq. 15 does
not adequately fit the experimental data corresponding to small orifices,
as it was expected when using ¢.. to calculate Qgq-. In this region, the
flow is below the expected value Q/Qqgo- = 1, and reduces until Q/Qgg-
= 0.5 for the smallest explored aperture. Nevertheless, this effect disap-
pears when reducing « as the normalized flow rate remains almost con-
stant independently on R. Clearly, this feature correlates with the
dependence of the solid-fraction with R for low hopper angles (see
Fig. 5.d). Hence, disregarding the small differences in the asymptotic
solid-fraction ¢.., we obtain:

£(0.5,1 + [a(e) + b(@)]) [y(@)

Q@)/Qqy = B[0.5,1.75] Yoo

(17)

The outcomes of this expression (using the coefficients reported in
Table 1), and the corresponding ones for the flat bottomed case are
represented by horizontal dashed lines in Fig. 7.a. The data reveal a
good agreement for large outlet sizes and stress, one more time, the in-
ability of Eq. 16 to reproduce the flow rates obtained for small outlets.
Nevertheless, the normalized flows emphasize how the hopper angle
affects the vertical exit velocity (through y parameter) and, in a lesser
degree, the resulting velocity-volume-fraction profile shape encom-

passed into the B-function. Indeed, whereas the /(10" [Yog=14,

Bl = 10°)/B(cx = 90°) = 1.28. The normalization strategy leading to
Eq.17 can be also implemented for the Brown and Richards' expression
(Eq. 8). In that case, the multiplicative factor accounting for the angular
dependence is:

Q" ()@, — o/ Coseodd (18
0119 sin(w)®?

This magnitude has been calculated and represented versus « in Fig.
7.b. In the graph, experimental flow ratios corresponding to the differ-
ent hopper angles have also been included revealing an excellent agree-
ment between both approaches. Hence, although the formal relation
between velocity and solid-fraction profiles is not evident from the ex-
perimental data, it is conceivable than the flow-density introduced to
obtain Eq.15 comprise, indeed, the symmetry arguments used by
Brown and Richards in Eq. 18. Such a possibility will be explored in fu-
ture research.

5. Concluding remarks

In this work, we have shown that the velocity and solid-fraction pro-
files at the exit of a 2D hopper display the same self-similarity properties
reported for a flat bottom silo. Both profiles contribute to the flow rate
equation with measurable parameters having a well defined physical
meaning. Our measurements reveal that the hopper angle effect in the
velocity profiles (Fig. 4) is both qualitative (the profiles flatten when «
reduces) and quantitative (the maximum velocity at the centre of the
outlet increases when a decreases). The latter effect becomes more pro-
nounced for large values of R. Moreover, reducing the hopper angle also
leads to flatter solid-fraction profiles. However, in this case the magni-
tude of the solid fraction at the outlet center asymptotically tends to a
value which does not seem to depend on the hopper angle. Then dispar-
ity of solid fraction for different /s only occurs for small R, becoming
negligible for sufficiently large orifices.

All these effects can be linked with the flow-density vector T(X, y)
through a set of parameters (¢, 'y and [a + b]), that determine its
magnitude. Accordingly, the assumption that the stress distribution im-
posed by the hopper angle drives the discharge rate is straightforward.
Such idea introduced in a simplified way by Brown [1] in the postulate
of “Minimum Energy”, seems to be related with our approach through

the spatial distribution of T(x, ¥). Thus, the free fall arch paradoxical con-
ditions at the dome where a sudden jump occurs in the particles accel-
eration [17], can be replaced by the smooth evolution of the vertical
acceleration described by Rubio-Largo et al. in [9]. In this work, we
show that the -y parameter, which must be connected with the vertical
acceleration, is influenced by the hopper angle. In this regard, the out-
comes of this work are in good agreement with the flow rate depen-
dence on the particle size reported in [18] where the formation of a
dead zone near the outlet is suggested to act as an induced natural
hopper.

Let us finally note that the kinematic variables studied in the preced-
ing sections provide an unambiguous way to calculate the mass flow
rate for all hopper angles. In fact, a compact version of the Eq. 15
could be condensed as:

Q = C(e) b /¥()gR*"? (19)

Now, the parameters included in the equation are explained by
(a) the influence of the radial symmetry of the profiles through C(c);
(b) the material dilatancy near the outlet ¢; and (c) the dependence
of the particle acceleration with the hopper angle y(«). The above re-
sults seem to point out that it should be possible to relate the formalism
introduced by Brown & Richards with the stress field symmetry within
the silo, which, indeed, controls the parameters described above.
Finally, it is evident that the empiric parameter k introduced en Eq. 1
is unnecessary when using a coarse-grained approach as the introduced
in this work.
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