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ABSTRACT

This paper proposes a general time series framework to capture the long-run behaviour
of financial series. The suggested approach includes linear and segmented time trends,
and stationary and nonstationary processes based on integer and/or fractional degrees
of differentiation. Moreover, the spectrum is allowed to contain more than a single pole
or singularity, occurring at both zero but non-zero (cyclical) frequencies. This framework
is used to analyse five annual time series with a long span, namely dividends, earnings,
interest rates, stock prices and long-term government bond yields. The results based on
several likelihood criteria indicate that the five series exhibit fractional integration with
one or two poles in the spectrum, and are quite stable over the sample period examined.
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1.  Introduction
The statistical modelling of financial time series data such as asset prices plays an
important role in portfolio management. Despite the extensive theoretical and empirical
literature of the last thirty years, there is still no consensus on what might be the most
adequate model specification for many financial series. For instance, whether asset
returns of asset prices are predictable or not is still controversial. While the efficiency
market hypothesis suggests that they should follow a random walk (see Fama, 1970;
Summers, 1986), other authors have found evidence of mean reversion in their behaviour
(see, e.g., Poterba and Summers, 1988 and Fama and French, 1988). The standard
econometric approach to settle this issue empirically relies on establishing the (integer)
order of integration of the series by carrying out unit root tests. More recently, however,
the possibility of fractional orders of integration with a slow rate of decay has also been
taken into account. Long-memory specifications based on fractional differentiation have
been used for financial data by Crato (1994), Cheung and Lai (1995), Barkoulas and
Baum (1996), Barkoulas, Baum, and Travlos (2000), Sadique and Silvapulle (2001),
Henry (2002), Tolvi (2003) and Gil-Alana (2006) among others. Also using a fractional
model, Caporale and Gil-Alana (2002) find that there is no permanent component in US
stock market returns, since the series examined is close to being 1(0). Caporale and Gil-
Alana (2007) decompose the stochastic process followed by US stock prices into a long-
run component described by the fractional differencing parameter (d) and a short-run
(ARMA) structure. Empirical support for non-linear asset pricing models (such as the
one by Dittmar, 2002) has also been found (see, inter alia, Hossein and Sonnie, 2008).
The present paper takes into account these various strands of the literature on

modelling asset prices and other financial series and proposes a general time series



framework to capture the long-run behaviour of financial data. This approach, not
previously used in this context, includes linear and non-linear (segmented) time trends,
and stationary and nonstationary processes based on integer and/or fractional degrees of
differentiation. Moreover, the spectrum is allowed to contain more than a single pole or
singularity, occurring at both zero and non-zero (cyclical) frequencies. We examine five
annual time series with a long span, namely dividends, earnings, interest rates, stock
prices and long-term government bond yields, obtainable from Robert Shiller’s

homepage (http://www.econ.yale.edu/~shiller/). We are able to show that the selected

specifications (with linear and segmented trends, fractional integration and cyclical
fractional integration) perform better than alternative models used in the literature to
analyse these data.

A rationale for the use of this type of models is that they are sufficiently general
to include as particular cases several theories that have been put forward in the financial
literature in recent years, such as the Efficiency Market Hypothesis (Fama, 1970), mean
reversion in stock market prices (Poterba and Summers, 1988), Fractal Market Analysis
(Peters, 1994) and the connection between business cycles and financial data (Bernanke
et al., 1999; Stock and Watson, 2003, 2005; Farmer, 2012).

With respect to business cycles, it has been commonly argued that they are of a
stationary nature and little attention has been paid to them in the context of financial
data.! However, it has become increasingly clear that the cyclical component of
economic and financial series is also very important. This has been widely documented,

especially in the case of business cycles, for which non-linear (Beaudry and Koop, 1993,

! Note that the definition of business cycle adopted in this paper is based on deviations from the long-term
trend. This is the reason for its stationarity in contrast to the definition provided by the Business Cycle
Dating Committee of the NBER considering the level of the series.



Pesaran and Potter, 1997) or fractionally ARIMA (ARFIMA) models (see Candelon and
Gil-Alana, 2004) have been proposed. Furthermore, from a pure time series viewpoint, it
has been argued that cycles should be modelled as an additional component to the trend
and the seasonal structure of the series (see Harvey, 1985, Gray et al., 1989). The
available evidence suggests that the periodicity of the series ranges between five and ten
years, in most cases a periodicity of about six years being estimated (see, e.g., Baxter and
King, 1999; Canova, 1998; King and Rebelo, 1999). Our results, based on methods that
determine endogenously the length of the cycles also suggest approximately six years of
duration.

Given this evidence on the key role played by the cyclical component, we
consider both long-run trends and cycles and model the two components either as a long-
memory, or as a short-memory process, or even as a combination of the two. Moreover,
we allow for segmented trends. Therefore, this paper makes a methodological
contribution by incorporating segmented trends in a general framework using long- and
short-memory processes at zero and non-zero frequencies. The model presented here has
not been previously employed in the financial time series literature and its generality
allows to consider other more standard models as particular cases of interest. The present
study also contributes to the literature by applying this procedure to several financial
time series that have been widely examined in the literature using other, more classical
methods.

The structure of the paper is as follows. Section 2 describes the model and the
statistical approach employed in the paper. Section 3 presents the empirical analysis,

considering first the case with linear trends and then allowing for a break in the data.



This section also includes some forecasting performance analysis, whilst Section 4 offers

some concluding comments.

2. The model
Let us assume that {y;, t =1, 2, .., T} is the time series we observe. We consider the

following model:

Yt = f(t) + X, t=1,2,.., (1)
(1= (1 -2cosw, L + L)92% = uy, )
P (L) U = Oy (L)sy, 3)

where f is a function of time that may be of a linear/non-linear nature;” L is the lag
operator (i.e., L’x; = x.5); d; is the order of integration corresponding to the long-run or
zero frequency; w; = 27/r, with r representing the number of periods per cycle; d, is the
order of integration with respect to the non-zero (cyclical) frequency, and u; is assumed

to be an I(0) process’, that may follow a stationary ARMA(p, q) process, where #p(L)

=(1-¢L - ... - ¢pr) andGy(L)=(1+6L+ ...+ 6’qu) are polynomials of orders p

and q with all the roots outside the unit circle, and corresponding to the autoregressive
(AR) and moving average (MA) components respectively. Note that d; and d, are
allowed to be any real values and thus we do not restrict ourselves to integer degrees of

differentiation.

> In the context of a linear deterministic trend, f(t) = a + Bt. Examples of non-linear trends are the

Chebychev polynomials (see Hamming, 1973; Bierens, 1997) or segmented trends with dummies as those
employed in this paper.

? For the purpose of the present paper, an 1(0) process is defined as a covariance stationary process with
spectral density function that is positive and finite at any frequency in the interval [0, 7).



The set-up described in (1) — (3) is fairly general, including the standard ARMA
model (with or without trends), if d; = d, = 0; the ARIMA case, if d; is integer and d, =
0; the standard ARFIMA specification, if d; is fractional and d, = 0; unit root cycles
(Bierens, 2001) if d; = 0 and d, = 1, along with other more complex representations.

We now focus on equation (2), and first assume that d, = 0. Then, for d; # 0, the
spectral density function of x; is given by:
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and it contains a pole or singularity at the long-run or zero frequency, i.e.,
f(1) > o, a 1 — 0.
Further, note that the polynomial (1 — L)" can be expressed in terms of its Binomial

expansion, such that, for all real d;,

1-0d = §(d1](—1)1'|_1 =1-dL LaE=D (5)
j=o\J 2

implying that the higher is the value of d;, the higher is the degree of association between

observations distant in time. Thus, the parameter d; plays a crucial role in determining

the degree of persistence of the series. Although the time series literature for very long

only considered the cases of integer values of d; (stationarity if d; = 0, and

nonstationarity with d; = 1), more recently fractional values of d; have been widely

employed when modelling macroeconomic and financial data.* Assume now that d; = 0

in (2). Then, if d, # 0, the process x; has a spectral density function given by:

* Empirical applications using fractional values of d, include among others Diebold and Rudebusch (1989),
Sowell (1992), Baillie (1996) and Gil-Alana and Robinson (1997).
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f(1) = [2(cos(4) - cos(w;))| (6)

and is characterised by having a pole at a non-zero frequencys, i.e.,
f(1) > o, a A — A, i e (0nr)

Moreover, the polynomial (1 —2cosw,L + Lz)012 can be expressed as a Gegenbauer

polynomial, such that, defining x =cosw, , forall d, #0,
(1-2uL+13)7%2 = % Cjq, (L), (7)
j=0

where C j.do (u) are orthogonal Gegenbauer polynomial coefficients recursively defined
as:
Co,d, (1) =1,
Ci,d, (1) = 2udy,

d, -1 d, -1 ,
Cj,dz(ﬂ)=2ﬂ( - +1]C,-_1,d2(m—(2 ¥ +1jcj_2,d2(m, j=23..

(see, inter alia, Magnus et al., 1966, or Rainville, 1960, for further details on Gegenbauer
polynomials). Gray et al. (1989, 1994) showed that this process is stationary if d, <0.5
for |,u =COS Wr| <1 and if d, <0.25 for |,u| =1. If d, = 1, the process is said to contain a
unit root cycle (Ahtola and Tiao, 1987; Bierens, 2001); other applications using

fractional values of d, can be found in Gil-Alana (2001), Ahn, Knopova and Leonenko

(2004) and Soares and Souza (2006).”

> Models with multiple cyclical structures (K -factor Gegenbauer processes) with multiple poles in the
spectrum have been examined, among others, by Ferrara and Guegan (2001), Sadek and Khotanzad (2004)
and Gil-Alana (2007a).



In the empirical analysis carried out in the following section we use a method
developed by Robinson (1994) that enables us to test a model such as the one given by
equations (1) - (3). It is a very general testing procedure based on the Lagrange
Multiplier (LM) principle that uses the Whittle function in the frequency domain. It can

be used to test the null hypothesis:
. — T _ T _
Ho: d = (dla d2) = (dlo, d20) = d0> (3)
in (1) — (3) where d;o and dp may be real values, thus encompassing stationary and

nonstationary hypotheses. The specific form of the test statistic (denoted by IQ) is
presented in the appendix. Under very general regularity conditions, Robinson (1994)

showed that for this particular version of his tests,

A

R 54 73, a T oo, 9)
where “—4” stands for convergence in distribution. Thus, unlike in other procedures, we
are in a classical large-sample testing situation. A test of (8) will reject H, against the

alternative Hy: d # d, if R > #2_, where Prob (2 > z2,) = . Furthermore the test is

efficient in the Pitman sense against local departures from the null, that is, if the test is

implemented against local departures of the form: H,: d = d, + 8T 2, for & # 0, the limit
distribution is a y2(v), with a non-centrality parameter v that is optimal under

Gaussianity of u.

There exist other procedures for estimating and testing the fractionally
differenced parameters, some of them also based on the likelihood function. As in other
standard large-sample testing situations, Wald and LR test statistics against fractional

alternatives will have the same null and local limit theory as the LM tests of Robinson




(1994). For example, for the zero frequency Lobato and Velasco (2007) proposed a Wald
test that requires a consistent estimate of d;. Ooms (1997) proposed tests based on
seasonal fractional models: they are also Wald tests requiring consistent estimates of the
fractional differencing parameters. He used a modified periodogram regression
estimation procedure due to Hassler (1994). Also, Hosoya (1997) established the limit
theory for long-memory processes with the singularities not restricted at the zero
frequency, and proposed a set of quasi log-likelihood statistics to be applied to raw time
series.” Unlike these previous methods, the tests of Robinson (1994) do not require
estimation of the long-memory parameters since the differenced series have short

memory under the null. Thus, his LM method seems computationally more attractive.’

3. Empirical Analysis
The data analysed in this paper have been obtained from Robert Shiller’s homepage

(http://www.econ.yale.edu/~shiller/). They are described in chapter 26 of Shiller’s (1989)

book on “Market Volatility”, where further details can be found, and are constantly
updated and revised. Specifically, they are the following series: dividends (an index),
earnings (also an index), one-year interest rate (this series is the result of converting the
January and July rates into an annual yield), long-term government bond yield (this is the

yield on the 10-year Treasury bonds after 1953) and the S&P composite stock price

% Models with a pole in the spectrum at the non-zero frequency were also considered, among others, by
Giraitis, Hidalgo and Robinson (2001), Hidalgo and Soulier (2004) and Hidalgo (2005). These authors
assume that the pole in the spectrum is unknown and suggest various parametric and semiparametric
methods to estimate the fractional parameter (d,), along with the frequency of the pole. See also Arteche
and Robinson (2000) and Arteche (2002) for semiparametric estimates of d,.

7 See also Tanaka (1999) and Hassler, Rodrigues and Rubia (2009) for time domain representations of
Robinson’s (1994) tests.



index. The sample period goes from 1871 to 2010 for the first two series and to 2011 for

the remaining three.

[INSERT FIGURE 1 ABOUT HERE]

Figure 1 contains plots of the five series. As can be seen, dividends, earnings and
stock prices appear to be quite stable for about a century, then increase sharply in the last
few decades of the sample, with an irregular pattern in the last few years coinciding with
the recent financial crisis. Interest rates and government bond yields fluctuate a lot more
throughout the sample, but also seem to increase towards the end of the sample, before a
significant fall.

In the following two subsections, we examine first a model with linear trends, and
then one with a single break.® In both cases we allow for long-range dependence at both

zero and non-zero (cyclical) frequencies.

3.1 The case of linear trends

First we consider the case of linear structures, and assume that the series exhibit a linear
time trend in a model containing two stochastic structures, one for the long-term
behaviour and the other for the cyclical component. We allow both components to
display long-memory behaviour, and test the null hypothesis in (8), in the following
model,

Vi = a + ﬂt + X, (10)

¥ Allowing for more than one break would result in relatively small subsamples, invalidating the analysis
based on long-range dependence.

10



(1= -2cosw,L + L)92% = uy, (11)
under the assumption that the disturbance term u; is white noise, AR(1) and AR(2)
respectively.” Higher AR orders and other MA (ARMA) structures were also employed,
with similar results. In all cases, we test H, for (d;,, dxo)-values from -1 to 3 with 0.01
increments, and r =2, 3, ..., T/2,10 choosing as estimates of d; and d, the values of d;,
and d,, that produce the lowest statistics. These values should be an approximation to the
maximum likelihood estimates, noting that Robinson’s (1994) method is based on the
Whittle function, which is an approximation to the likelihood function. Several Monte
Carlo experiments based on this approach were conducted by Caporale and Gil-Alana
(2006), and Gil-Alana (2007b). It is shown in these papers that this method correctly
determines the orders of integration at the two frequencies for samples of similar size to
those employed in this article. Given that some of the coefficients in (10) were not
statistically significant, we also carried out the computations in a model with only an
intercept (i.e. B = 0 a priori) and with no regressors at all (o = 3 = 0 a priori). The results
for the five series are displayed in Table 1.

Noting also that in some cases the order of integration for the cyclical part (d,)
was not statistically significantly different from zero, we additionally perform the

analysis with a single fractional differencing parameter, i.e., employing

1-0%x% = up, (12)

? The inclusion of a time trend might appear unrealistic in the context of financial data. Note, however, that
in the context of fractional (or integer) differentiation, the time trend disappears in the long run. Thus, for
example, in the model, y, = o + Bt + x,, (1- L)”'xt =u,, with white noise u,, if d = 1, the model becomes, for t
> 1, a random walk with a drift.

' Note that in case of r = 1, the polynomial (1-2cosw,L+ L2)® becomes (1-L)>*, implying the
existence of a pole at the long run or zero frequency.

11



rather than (11). The results for this case are displayed in Table 2. We describe first of all

the results for the case of the two fractional structures.

[INSERT TABLE 1 ABOUT HERE]

The first remark to make is that the parameter r (indicating the number of time
periods per cycle) lies between 2 and 15 in all cases, being around 8 in the majority of
cases. This is consistent with the empirical findings in the business cycle literature
(Canova, 1998; Burnside, 1998; King and Rebelo, 1999; etc.) according to which
economic cycles have a periodicity between five and ten years. It is also noteworthy that
the order of integration at the long-run or zero frequency (i.e., d;) is substantially higher
than its corresponding value at the cyclical frequency (d,) in practically all cases. For
earnings, interest rates and stock prices the unit root null cannot be rejected at the long-
run frequency (d; = 1), while d, is found to be strictly below 1 in all cases. We report in
Table 1 in bold the cases where the null hypothesis of uncorrelated errors cannot be
rejected at conventional statistical levels.!" There are two such cases for dividends, a
single one for earnings, six for interest rates, five for government bond yields, and four
for the stock price index. Among these selected models we choose the best specification
on the basis of LR tests and other likelihood criteria, namely the AIC and the SIC. Note,
however, that these might not necessarily be the best criteria in applications involving
fractional differences, as they focus on the short-term forecasting ability of the fitted

model and may not give sufficient attention to the long-run properties of the fractional

"' 'We use here the Box-Pierce and Ljung-Box-Pierce statistics (Box and Pierce, 1970; Ljung and Box,
1978).

12



models (see, e.g. Hosking, 1981, 1984). The selected model for each series is the

following: for dividends,
ye = —=77.061 + x;; (1-L)!"¥ (1=2coswigL+12)% 7 x, = ¢,. (1A)
For earnings,

yi = —94.241 + x; (1—L)1'08(1—2c0sw7L+L2)0'35Xt = Uy
ut = 0953ut_1 - 0695ut_2 + St.

(1B)

For interest rates,
(1-L)%77 (1-2coswgL+12)%# x, =u;;  up = 0.082u,_ —0.678u,_, + &. (1C)
For government bond yields,

ye = —117.56 + x;  (1-L)'%®(1-2coswgL+12)"?*x, = u,

(1ID)
Ut = 0.133ut_1 + St.l
and finally, for stock prices,
y, = —1506.6 + x;; (1-L)"M(1-2coswgL+12)%%%, = u,. (1E)

u = 0.646u,_; + 0.124u,_ | + &.1

Considering the confidence bands for the orders of integration of these selected models
(in Table 1) we see that, for dividends, d; is significantly higher than 1 and d
significantly higher than 0. For earnings and stock prices we cannot reject the null of d; =
1 and d; is significantly higher than 0, and finally, for interest rates and bond yields we

cannot reject the hypotheses of d; = 1 and d, = 0 at conventional statistical levels.

[INSERT TABLE 2 ABOUT HERE]
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Next we examine the case of a single pole at the long-run or zero frequency (Table
2). Here we notice that for dividends the order of integration is much higher than 1 if the
disturbances are uncorrelated, and the unit root null cannot be rejected if they are
autocorrelated. For the remaining of the series the unit root null cannot be rejected or, if
it is rejected, it is in favour of mean reversion, with an order of integration significantly

below 1. Using this specification, the selected model for dividends is the following:'?
(1-1)%P%x, = u;  ug = 0395u,; — 0.025u,_, + &, (2A)

In case of earnings, the chosen specification is:

0.872

y¢ = —0911 — 0.048t + x¢;  (1-L) X¢ = U (2B)
For interest rates,

(1-1)%7%x, = u;;  u, = 0318u,y — 0.053u,_, + &, (20)
For government bond yields

(1—L)0'892 Xy = Uy up = —0.183u_ + g, (2D)
and for the S&P composite stock price index,
0.926

Uy = O.l47ut_1_0.120ut_2+ €¢.

According to these models the five series are nonstationary, and the unit root hypothesis

(d = 1) cannot be rejected in any single case.

3.2 The case of segmented trends

12 . . . . . . .
We use here the same autocorrelation tests and likelihood criteria as in the previous case.

14



Next we allow for segmented trends, and assume that the five series exhibit a single
break."> A priori, we do not have any knowledge about the break date, and given the lack
of procedures for estimating the break point in the context of the complex models
presented above, we use a battery of methods, which are based on stationary 1(0) (Bai,
1997, Bai and Perron, 1998), nonstationary I(1) (Zivot and Andrews, 1992), and

fractional models (Gil-Alana, 2008; Wright, 2009).

[INSERT TABLE 3 ABOUT HERE]

Table 3 summarises the results concerning the break dates for each series on the
basis of the different methods. One can see that, for example, assuming that the series
contain unit roots, when performing the Bai’s (1997) methodology on the differenced
series, the break is found to occur in 1973 for earnings, interest rates and stock prices,
and slightly later for dividends and bond yields. Using other 1(0)/I(1) methods (Zivot and
Andrews, 1992; Lee and Strazicich, 2001) breaks are also found in the early 70s, and
using the fractional approach of Gil-Alana (2008) we also obtain some evidence of a
break in 1973 in four of the five series examined. On the other hand, Figure 1 also
suggests that there might be a break around 1973, the time of the first oil price crisis.
Based on this evidence we take 1973 as the break date in the five cases. We
experimented with a change in the intercept, in the slope and in both of them, and came

to the conclusion that an intercept change was the most plausible one for government

13 As mentioned earlier, multiple breaks could also be considered. However, we believe that the series
examined in this paper can be adequately described including a single structural break. Note that allowing
for multiple breaks would result in relatively short subsamples and inaccurate estimates of the coefficients.

15



bond yields, while for the remaining four series we allowed for a change in both intercept
and slope after the break. Specifically, we consider a model of the form:
Vi = oql(t<1973) + ol (t 21973) + X, (13)
for government bond yields, and
Vi = ol (t <1973) + apl (t 21973) + StI(t =1973) + X, (14)

for the remaining four series, allowing two fractional structures as in (11) (in Table 4)
and with a single fractional differencing polynomial at the zero frequency as in (12) (in

Table 5):'*

[INSERT TABLE 4 ABOUT HERE]

Starting again with the case of two poles in the spectrum (i.e., using equation (11)),

the selected model for dividends (with T" = 1973) in Table 4 was:

y, =—91.2891(t<T") —51.396 I(t>T") — 1.375t1(t > T ) + x(;

(l—L)l'O5 (1 -2coswyiL + L2)0.44 X¢ =Uuy; up = —0.076u_y + &. )
For earnings,

y, =—262.1801(t<T") —198.181 I(t>T") — 4360tI(t > T") + x; 4B)
(1-L)"?* (1 —2cosw7L +12)%0x, =u;;  up = 0.251u, —0.255u,_, +&,.

For interest rates,

y, = —82.9521(t<T") —113.644 I(t=T") — 5.173 tI(t =T ) + X “0)

1-1)%2 1 =2coswisL + I x, =u;  up = —0251u,q + &,

and for government bond yields,

' We also examined other break dates for the five series, and the coefficients in (13) and (14) were
insignificant in the majority of the cases.

16



y, =—26.5761(t<T") —33.1231(t>T") + x,;

(4D)
1-1)%%% (1 =2coswsL + 1) x, =uy;  u = —0.109u,_; +&,.
Finally, for stock prices:
y, =—9387.07 I(t<T") —2273.111(t=T") — 163.843 tI(t =T ) + x; )

A-L)" "1 —2coswisL + L) x, =u;  up = —0.091u, + &,

It can be seen that the number of periods per cycle (determined by r in w;) varies
substantially depending on the series. Specifically, it is 11 for dividends, 7 for earnings,
15 for interest rates and stock prices, and 3 for government bond yields. The order of
integration at the long-run or zero frequency is higher than the cyclical one for dividends,
earnings, government bond yields and stock prices, while the opposite holds for interest
rates. For earnings, d; is significantly higher than 1, while d, is positive and in the
interval (0, 1) for all series except the interest rates. Surprisingly, for this latter series d;

is strictly smaller than 1 while d, is significantly above 1.

[INSERT TABLE 5 ABOUT HERE]

When we assume that there is a single pole occurring at the long-run or zero
frequency (in Table 5), the deterministic terms are found to be statistically insignificant
in some cases for dividends and earnings, while they are all significant in the case of
interest rates, government bond yields and stock prices. The order of integration appears
to be sensitive to the chosen specification for the disturbance term, especially for

dividends and stock prices. For instance, for dividends, d; is about 0.7 in case of

17



autocorrelated errors, and it is about 1.1 with white noise disturbances. The selected

models in this case are the following: for dividends,

y, = 0.48851(t<T") —0.2130 I(t>T") + 0.8652tI(t>T ) + x;

(5A)

(1-L)°Bx, =uy;  u = 0513u, + &
For earnings,
y = 0.71041(t<T") —0.6616 I(t>T") + 2.5332tI(t > T") + x(; sB)
A-L)"%x, =u;;  ug = 0314u,; - 0.540u,, + &
For interest rates,
y, =12.6981(t<T") +21.2271(t>T") — 0.423tI(t>T ") + x; 50)
(1-1)%%x, =u;;  u, = 0.228u, | — 0.074u,_, + &,
For government bond yields,
y, =53441(t<T") + 4.6141(t>T") +x,; D)
1-1)%7x, =uy;  u = —-0.156u,_; - 0.012u,_, + &.

Finally, for stock prices
y, =10.0391(t<T") —101.490 I(t>T ") + 55.964tI(t>T ) + x; 6

(1-1)%x =uy;  up= 0.109u,y — 0.752u, 5 + &.

According to these specifications, the five variables (dividends, government bond
yields, earnings, interest rates and stock prices) are nonstationary, with a fractional
differencing parameter above 0.5, and for two of them (dividends and stock price index)
the unit root null is rejected in favour of mean reversion (d < 1).

The final step is selecting the best model specification for each series. On the basis
of the significance of the deterministic terms and of the fractional differencing

parameters as well as the LR tests the most adequate specifications seem to be in all
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cases those with two fractional structures and a single structural break, as in equations
(4A) — (4E). The results imply that d; (the order of integration at the long run or zero
frequency) is significantly below 1 for interest rates; it is around 1 for dividends, bond
yields and stock prices, and significantly above 1 in the case of earnings. With respect to
the cyclical structure, the order of integration (d,) is significantly positive although below
1 in all except one series (interest rates) where the order of cyclical fractional integration
is strictly above 1.

Having selected the above models using within-sample criteria, we also briefly
examine their forecasting performance. For each of the series we consider the four model
specifications given by equations (1A) — (5E). First, we compute the k (=1, 2, ..., 25)-
ahead prediction errors of each model, obtained by expanding the fractional polynomials
in (5) and (7). We computed the Root Mean Squared Errors (RMSE) of each
specification for each series. The results (not reported here for reasons of space, but
available from the authors upon request) indicate that, for dividends, earnings and
government bond yields, the model with a single fractional polynomial at the zero
frequency (i.e., (2A), (2B) and (2D)) yields the most accurate predictions 1-2 periods
ahead; however, for longer horizons, a model with a segmented trend (and also a
fractional process at the zero frequency, i.e., (5A), (5B) and (5D)) outperforms the rival
models. For interest rates, the results are slightly more ambiguous: the model with two
polynomials (at the zero and the cyclical frequency, (1C)) seems to be the most adequate
one in some cases, but a segmented model with a single polynomial at the zero frequency
(5C) appears to be preferable in other cases. Finally, for stock prices, the model with two
fractional differencing parameters (1E) produces the best results in the majority of cases.

These results, however, are all based on the RMSE. This criterion and other methods
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such as the Mean Absolute Prediction Error (MAPE), Mean Squared Error (MSE), Mean
Absolute Deviation (MAD), etc., are purely descriptive devices, and although there are
several statistical tests for comparing different forecasting models (see, e.g. Diebold and
Mariano, 1995; Harvey, Leybourne and Newbold, 1997; Ashley, 1998) it is well known
that these methods have under some circumstances very low power, especially as regards
non-linear models (see, e.g., Costantini and Kunst, 2011). Nevertheless, we computed the
forecasting performance using the modified DM-tests as suggested by Harvey et al.
(1997); the results (not reported) show that the models in Table 5 are to be preferred in
most cases, especially based on the 5- and 10-period ahead prediction horizons. Only for
interest rates and stock prices do models (1C) and (1E) outperform (5C) and (5E) in
some cases. We also evaluated the forecasting performance of our selected models by
means of comparisons with standard ARIMA models with and without break. In
particular, we use an ARIMA(2, 1, 0) for dividends; an ARIMA(O, 1, 2) for earnings; an
ARIMA(O, 1, 2) for interest rates and an ARIMA(1, 1, 0) for bond yields and stock
prices. In all cases, the fractional models outperform the ARIMA ones on the basis of the
M-DM procedure.

Finally, we conducted a recursive experiment, leaving out first the last 25
observations, and then re-estimating the selected model for each series recursively,
adding one observation at a time. The recursive estimates of the fractional differencing
parameters in each case are displayed in Figures 2 — 6. It can be seen that the parameters

are very stable over time in all cases.

[INSERT FIGURES 2 - 6 ABOUT HERE]
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5. Conclusions

In this paper we have employed a time series approach, not much previously used, for
modelling long-run trends and cycles in financial time series data. The proposed model is
general enough to include linear and segmented trends along with fractional integration
at both zero and non-zero (cyclical) frequencies. It is based on a procedure developed by
Robinson (1994) for testing stationary and nonstationary hypotheses. We use this
framework to investigate the behaviour of five financial time series already examined in
many earlier studies. Specifically, we use the annual dataset including dividends,
earnings, interest rates, government bond yields and stock market prices, which was
constructed (and is constantly updated) by Robert Shiller.

The results can be summarised as follows. It appears that the five series of interest
can be characterised in terms of long-memory processes with two poles in the spectrum,
one corresponding to the long-run or zero frequency, and the other one to the cyclical
component. The latter exhibits a periodicity ranging between 3 and 15 years depending
on the series and the model considered. In general, the order of integration is higher at
the zero frequency, implying that the degree of persistence is higher in this component.
When a break is incorporated, the models outperform the linear ones in terms of both
their in-sample performance based on goodness-of-fit (likelihood) measures and their
forecasting accuracy, especially over longer horizons. Clearly, our findings have
implications for the efficient market hypothesis and the debate on market anomalies, as
in the case of the models where d is found to be smaller than 1 mean reversion takes
place, suggesting some degree of inefficiency and predictability. The latter also
characterises deviations from the random walk hypothesis when the order of integration

of the series is higher than 1 and/or cases of serial (weak) correlation.
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This paper can be extended in several directions. First, multiple cyclical structures
of the form suggested by Ferrara and Guegan (2001) and others can be considered. In
fact, the interaction between several cyclical (fractional) processes may produce
autocorrelations decaying in a very complicated way that has not been much investigated
yet. Other more complex non-linear structures (like the Threshold AutoRegressive, TAR,
Momentum Threshold AutoRegressive, M-TAR or Smooth Transition Autoregressive,
STAR-form (see, e.g. Enders and Granger, 1998; Enders and Siklos, 2001; Skalin and
Terésvirta, 2002; etc.) can also be included in the regression model (1), and their
interaction with the fractional structures is another issue that should be examined in

future research.
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Appendix

The test statistic proposed by Robinson (1994) for testing H, (8) in the model given by

equations (1) - (3) is given by:

—

0>
Il

where T is the sample size, and

. —2rl — X o 2x'! o
a= %zwj)guj;n Ny 67 =@ = ?”_zlguj;r) MG,
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-1
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w,(4;) =log

b

2 sin -
2

wo(dj) = log‘Z(cos/lj — coswr)

, with A; = 2mj/T, and the summation in * is over all
frequencies which are bounded in the spectrum. I(A;) is the periodogram of

d A
Gy = (1- L)% (1 - 2cosw, L + L2) 20y, — 'z, with

2 Ll 5 - I b le 2 d20
P=|24z'| ZZ(1-L)7°(—2cosweL +L7)" <0 yy;
t=1 t=1

Zi=(1-L)%0 (1 2cosw, L + L%)920 7, evaluated at A; = 27j/T and 7 =
arg min___. o (), with T" as a suitable subset of the RY Euclidean space. Finally, the

function g above is a known function coming from the spectral density of uy:
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2
f(1) =2 g(A:7), 7 < A<
2r

Note that these tests are purely parametric and, therefore, they require specific modelling
assumptions about the short-memory specification of u;. Thus, if u; is white noise, g = 1,
and if u; is an AR process of the form ¢(L)u; = &, g = |p(e™)[, with o = V(g,), so that the

AR coefficients are a function of 7.
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Figure 1: Time series plots

i) Dividends

1871 2010

ii) Earnings

100

18741 2010

iii) One-year interest rate

20

10 -

1871 2011

iv) Long-term government bond yield

1874 2011

v) S&P Composite stock price index

1600

1200

800 -

400 -

18741 2011

33



Table 1: Coefficient estimates with two fractional structures

1a) Series: Dividends

a B d r d, p1 p2
AR(2) with time trend Coin | o | roos o | ® | ods 1oy | 0882 | 0258
AR(2) with an intercept (_63766;; --- [0.75;2%'57] 15 [0.32;9?'35] -0.731 1.297
AR(2) with no regressors [0. 4}1;11. 47] 9 [-.O%,ZZ).GG -0.443 -0.478
AR(1) with time trend (12;3)7 (_51705'.98073) [0.9;;01.16] 13 [0.5(3);7?.28] -0.291
AR(1) with an intercept (1_‘9%2)1 - [1.3%;41.82] 3 [0'4(7);68'77] 0.053 -
AR(1) with no regressors - [1.0};1‘1‘.51] 5 [0'0(2);0315] 0.178 -
White noise with trend £?300951416) (-1§.98851) [0.0(7);1?).16] 15 [0.95;0?.14]
White noise + intercept*** (_-767.601631) [1.2;3367] 0 1(7):4(1)_70]
White noise with no reg. - [l.Oé;li.38] 12 [0.42;53.76] - -
i 1b) Series: Earnings

a B d r d; P P2
AR(2) with time trend Cloan | o140 | st 1221 | 8 | 030 003 | 0148 | 0475
AR(2) with an intercept*** (9(;" 821431) [0.92%:0?.77] 7 [0_18;33 g9) | 0953 | -069%
AR(2) with no regressors --- [0.6(1);0411.74] 8 [0303’1 3).64] 0.195 0.417
AR(1) with time trend <31?3§) (:;2.59.3) [0.9;;2?45] 1 [0.12;53.88] 0.264 | -
AR(1) with an intercept (11159_;,'1411) - [0.9;;1§.48] 2 [0.32;68.98] 0.827
AR(1) with no regressors --- [0.22;7?21] 3 [_0.101"18.32] 0.261
White noise with trend (_-9356'.93018) (-86'.74550) [0.8(9);9‘1‘.14] 10 [0.5401;6(7).94]
White noise with intercept (6_21%76?; --- [I.Oé;léltjg] 8 [0.13;3 (1) 62] -
White noise with no reg. - [0.72;9?20] 6 [0.0?;23'52] -

(continued)
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1c) Series: Interest rates

o B d r d P1 P2
AR(2) with time trend (11%1;) (-2690295; [0_52;8?.22] 12 [_0_89'?’8_ | 038 | 0785
AR(2) with an intercept (2854% - [0. 48;7i33] 4 [_0.10 92(1) 45] 0.438 0.024
AR(2) and no regressors*** [0_13:7;10] 8 [_0_107'12?(’)_88] 0.082 | -0.678
AR(1) with time trend 7(4212242‘)1 (1442-?6730) [0.7;;1?42] 3 [-0.207'(,)?).32] 0.070 | -
AR(L) with an intercept '(7_2:2‘515 [O_gé;?’i%] 2 [_0185,13_69] 0158 | -
AR(1) with no regressors [0. 4(1'71715] 8 [_0_107'?332] 0.067
White noise with trend (lélggg? (246'30780) [0.7;1?.44] 15 [-0.202%.43]
White noise + intercept 'é 233)5 [1.01;41.86] 3 [_0'??4?3.55]
White noise with no reg. [0_7;;01.5 4] 15 [020615(; 44]

1d) Series: Government bond yields

o B d T d, p1 p2
AR(2) with time trend (112461;) ('_20'?0295; [0.52:8222] 8 [_0_&,38_1 g | 0348 | 0785
AR(2) with an intercept '(l_g:ggf (0. 6%’917 207 | 11 [0_23;5 ?.0 g | 0260 | 0683
AR(2) with no regressors --- [0.1(7);7?10] 4 [_0.10 7',2?).88] 0.082 -0.678
AR(1) with time trend ﬂli‘é)o (_-26.90295) (0. 52;8?'22] 14 [_0.89'?81 g | 0348 | 0785
AR(1) with an intercept*** (%752;3 [0.9411;0?21] 8 [-0.85,2?).85] 0.133
AR(1) with no regressors [0.1(2);53.88] 3 [_0'10 4023 4] 0.192
White noise with trend 1393 | (7158 | 066, 0891 | 5| roos,0ns | -
White noise + intercept (2 2053)3 [0.9%;?_53] 3 [-0.(?7'??).28]
White noise with no reg. [0. 48:73.98] 2 [_0_105'%_27]

(continued)
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1le) Series: S&P composite stock price index

o B d, r d; P1 P2
AR(2) with time trend %27%2 '(1_‘21.6034? [0.83021;.23] 11 [0.0%,28.5 1 0.044 | 0.454
AR(2) with an intercept*** (18026755 [0.8%9',111.3 q| 8 [0_3%58_7 4] 0.646 | 0.124
AR(2) with no regressors [0. 42"7? 07] 4 [-0.2%?%). 61] 0.661 0.214
AR(1) with time trend _(%.23'25 (_-19156.;i2) [0.4(6);91.30] 14 [-0.3_(7);0(6).39] 0.377 1 -
AR(1) with an intercept* 6254221; [0_9%42_90] 5 [-0.105?3. 44] 0.080
AR(1) with no regressors [0. 4%7313] 5 [-O.é%,og.SS] 0.403
White noise with trend Gty | ey | s ren | 5| wovos | -
White noise + intercept 7(;.21632? [1.0;;51.87] 6 [-0.202',1 8.43]
White noise with no reg. [0_72;9(1)_3 4] 6 [_0.10 6}?).29] -

In bold, the models for which the null hypothesis of white noise errors cannot be rejected. “***” indicates the best model

specification using LR tests and other likelihood criteria.
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Table 2: Coefficient estimates with one fractional structure

2a) Series: Dividends

o B d; P P2
AR(2) with time trend (gzggg) (8:833) [0_73&?55 oay | 0394 20,025
AR(2) with an intercept ((1)(1)?(1)) - [0'7906’9515. 402] 0.395 -0.025
AR(2) with no regressors*** [0.800i?515. 403] 0.395 -0.025
AR(1) with time trend (8:823) (gégg) [0.8?;,93171 o | 0401
AR(1) with an intercept (8522) -- [0.7906,9319.087] 0.404
AR(1) with no regressors - - [0.7807',94f 080] 0.397
White noise with trend (00'.1265917) (001;727) (11 011' 2312 440) -
White noise + intercept (01'.2346677) - 1. 0914’2211. 435] -
White noise with no reg. - - [1'0911' ’2117. 433] ---
i 2b) Series: Earnings

a B d P1 P2
AR(2) with time trend**= ('g_ 191151) (8:8‘9‘% [0.724?71?101] 0.250 0,585
AR(2) with an intercept (_8 (?90 41) --- [0.7 605?719.098] 0.251 -0.584
AR(2) with no regressors --- --- [0.7 &871?098] 0.255 -0.583
AR(1) with time trend (:3:%) (gig) [0.5103',580?682] 0.304
AR(1) with an intercept (ngg) --- [0. 4806,5606. 633] 0.372
AR(1) with no regressors --- - [0. 4701' ’545 661] 0.381
White noise with trend (__1()"2222501) 2)2'219326) 0.6 5(257615. 001] -
White noise + intercept (1(5_1281471) - 0.6 601' ’7607. 994] -
White noise with no reg. - -- [0.6 608,77()2. 999] -

(continued)
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2c) Series: Interest rates

o B d; P P2
AR(2) with time trend (ﬁ% (:(1):(3’2‘9‘) o 45&?% oy | 0154 20.139
AR(2) with an intercept (3:232) [0. 4301'?9f 064] 0.270 -0.102
AR(2) with no regressors*** [0.330f,7012.06 4] 0.318 -0.053
AR(1) with time trend (22(2)(5)3) <33133)§> [0.38(2,5505.762] 0.273
AR(1) with an intercept (g:ggg) [0'370if190§750] 0.338
AR(1) with no regressors - - [0. 4005"535 622] 0.314
White noise with trend (461:33?) (_-0(59623609) [0.6305,7501.913]
White noise + intercept ?4?4(?59) [0.630i,740(5.912]
White noise with no reg. [0.6202,74(? 926]
) 2d) Series: Government bond yields

a B d P1 P2
AR(2) with time trend (22(3)‘3‘8) (:8:(5)431?) [0.7913(’)51?382] -0.265 -0.068
AR(2) with an intercept (?%Z) [0.791é,()51?383] -0.257 -0.077
AR(2) with no regressors [0736?51?399] -0.256 -0.036
AR(1) with time trend éigiﬁ) (Igigi% 06 405?95239] 20,184
AR(1) with an intercept (g:gig) [0.8502?912.155] -0.184
AR(1) with no regressors*** [0_7705?91?239] -0.183
White noise with trend (3:(2)4913) (_-0(59201728) [0.7905707.982]
White noise + intercept (573:(2);3) [0_7907'?707.982]
White noise with no reg. [0.7606?602.988]

(continued)
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2e) Series: S&P composite stock price index

o B d p1 P2
AR(2) with time trend '(;143?; (_%_515137) (0. 63{52& 69] 0.147 -0.120
AR(2) with an intercept*** (1f i7918?3 [0.6908?21§171] 0.147 -0.120
AR(2) with no regressors [0.73521‘.1171] 0.150 -0.119
AR(1) with time trend (16‘ '17;26) (21232) [0'7302'?403. sony | 0210
AR(1) with an intercept (10?'103329) [0.6906?40%89] 0.214
AR(1) with no regressors [0_7301'?40?990] 0.210
White noise with trend (:8:32491) 513% [0.8707.,97ﬁ125]
White noise + intercept (g:ggg) [0.8802?7f121]
White noise with no reg. [0.8803;?715122]

In bold, the models for which the null hypothesis of white noise errors cannot be rejected. “***” indicates the best model
specification using LR tests and other likelihood criteria.
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Table 3: Selected break-date for each series

Bai (1997) Z & A (1992) L & S (2001) G-A (2008)

Dividends 1976 1968 1968 & 1972 1976 — 1977

Earnings 1973 1972 1972 - 1974 1973 - 1975

Interest Rate 1973 1965 & 1973 1973 1973 - 1974

Bond Yields 1979 1965 & 1973 1973- 1981 1970 - 1073
Stock prices 1973 1974 1973 & 1974 1973

Z & A stands for Zivot and Andrews (1992), L & S for Lee and Strazicich (2001) and G-A for Gil-Alana

(2008).
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Table 4: Estimates in the nonlinear case with two fractional structures

4a) Series: Dividends

o oy B2 d r d; pi P2

AR(2) (-121.111'6875) (_-209.4715226) ((7):88411) [0.9};2?83] ! [0.1(31',515 19 | 0616 ) 0184
AR(L)** (_?71.'72784% _51('-3 % (:;:gﬁ) [o.séloi.sl] 11 [0.23:43.64] 0076 | -
White Noise (_-56814.'564(; -(6-.6333)1 (_-11‘%'909326) [0.0(1);0(7).1 1| [1.021,'081.17]

4b) Series: Earnings

o oy B2 d r d, pi P2

AR@™ | Uasyy | (1249 | Carn | oo is| 7| panosy | 0% | 025
AR(1) (_-31045.4341) (?’11412.60415) (_-115.'18; 17) [0.02;38.67] 15 [1.213',313 54 | 018
White Noise -(1_2)‘_15.‘3‘)3 (4 1562.1085) (_?00.3565137) [-.23,' 08.52] 7 [1.212',319 54]

4c) Series: Interest rates

o o B2 d r d; pi P2

ARQ) (232.433936) (106.36893) (_03.8:15) [0.9213;2?.54] > [0.32.,5(?.86] -0.543 1| 0.016
ARW™ | (o | (889 | (5 | {015, 0491 | 5 | [is 14 | 021 |
White Noise 1(31;5 6(2222? (_-641.474088) [0.73;81.09] 3 [-0.5_2,'1 5.33]

4d) Series: Government bond yields

oy oy d r d, [ P2

AR(2) (-32'.28897) (:;:8(9)2) [0.62;91.22] 13 [0.4%,717 23 | 0931 | 0377
AR()** (a19) | Caso) | 0s2 105 | ® | [ooa oso | 019 |
White Noise (_-364.-781411) (-366..699115) [0.83;9}.12] 8 [0.04(1),'21).55]

4e) Series: Stock price index

o o B2 d; r d, p1 P2

ARQ) 1(241..2015)5 1(327.?37)3 _(2-?:22? [1.0é;3}.59] 6 [0.22',53.69] -0833 ) 0.379
AR(1)*** 2?8,77'2)7 (-212472'51) -(%?1.3551;;1 [0.62;0111.55] 15 [0.191:48.97] 0.091
White Noise 7(57().2223)8 _(6-z2t.9585)6 _(2.95'35 [0.75;4} s8] | 7 [-0.()_3,'0%).15]

In bold, the models for which the null hypothesis of white noise errors cannot be rejected. “***” indicates the best model

specification using LR tests and other likelihood criteria.¢
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Table 5: Coefficient estimates with one fractional structure

5a) Series: Dividends

oy 0 B2 d p1 P2
0.4704 20.2074 0.8458 0.74
AR(2) (-0.55) (-0.16) (123) [0.61, 0.86] 0.550 -0.167
0.4885 -0.2130 0.8652 0.73
AR(L)*** (1.56) (-2.17) (12.66) [0.64, 0.89] 0.513
White noi 0.3210 0.0217 0.6157 1.10
1te noise (0.42) (0.19) (3.53) [0.85, 1.39]
5b) Series: Earnings
o 0y B2 d; P1 P2
0.7104 -0.6616 2.5332 1.02
AR(2)** (0.11) (-0.08) (5.21) [0.80, 1.33] 0.314 -0.540
1.0743 14158 3.1548 0.63
AR(1) (0.16) (:0.14) (6.90) [0.49, 0.80] 0.325
White noi 0.8003 -0.8748 2.6979 0.69
1te noise (0.12) (-0.09) (5.77) [0.55, 0.86]

5¢) Series: Interest rate

o 0, B2 d; P1 P2
12.6989 21.2274 204237 0.66
AR(2)*** (6.52) (7.44) (-3.46) [0.40, 1.23] 0.228 -0.074
10411 10.7797 206778 0.59
AR(1) (4.41) (5.59) (-3.99) [0.31, 0.75] 0.247
White no 9.6139 15.5416 20,3054 071
Ite noise (5.64) (6.27) (-2.43) [0.53, 0.87]
5d) Series: Government bond yield
oy o d p1 P2
5.344 4614 0.97
AR(2)*** 22) (1.45) 081 1.52] -0.156 -0.002
5.702 5.801 0.98
AR(1) (8-71) (5.90) [0.80, 1.27] -0.155
. 6.003 5.002 0.90
White noise (6.80) (4.505) [0.81, 1.04]
5e) Series: Stock price index
(03] (05) Bz d P1 P2
10,0391 -101.490 55.0646 067
AR(2)*** (0.10) (-0.75) (8,82) [0.53, 0.81] 0.109 -0.752
24.848 227.639 51,0496 0.19
AR(1) (0.82) (3.26) ((17.92) | [-0.17, 0.44] 0.744
White no 6.0079 35.9727 39.3996 0.84
Ite noise (0.07) (-0.30) (4.80) [0.63, 1.15]

In bold, the models for which the null hypothesis of white noise errors cannot be rejected. “***” indicates the best model
specification using LR tests and other likelihood criteria.
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Figure 2: Recursive estimates of the differencing parameters for dividends
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Figure 3: Recursive estimates of the differencing parameters for earnings
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Figure 4: Recursive estimates of the differencing parameters for interest rates
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Figure 5: Recursive estimates of the differencing parameters for bond yields
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Figure 6: Recursive estimates of the differencing parameters for stock prices
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