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Abstract

We prove that the asterisk topologies on the direct sum of topological Abelian groups, us
Kaplan and Banaszczyk in duality theory, are different. However, in the category of locally q
convex groups they do not differ, and coincide with the coproduct topology.
 2003 Elsevier B.V. All rights reserved.
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1. Introduction

For a family, Gi, i ∈ I , in the category of topological Abelian groups, differe
topologies can be considered on their product

∏
i∈I Gi or their direct sum

⊕
i∈I Gi ,

depending on the aim. The situation on the direct sum is intriguing, at least for uncou
families of groups.

Kaplan defined in [9] theasterisktopologyT∗K , to obtain a duality principle betwee
products and direct sums. He pointed out in his paper that, for countable direct sum
asterisk topology coincide with the topology induced by the rectangular topology o
product. Since then, different authors (Noble [10], Venkataraman [14], Varopoulos
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etc.) have used the asterisk topology on the direct sum of topological groups in the context
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of duality. Banaszczyk gave a new definition of the asterisk topology in [2], and pro
similar duality result but, as we see in the present paper, both definitions are not equ
They coincide in the category of locally quasi-convex groups, and the result of Kapla
addressed for reflexive groups, which are within the mentioned category.

Another point of view is to consider the direct sum of a family of Abelian topolog
groups as the algebraic coproduct of the family. In this case the natural topology is n
coproducttopologyTf . It is the final group topology with respect to the family of canoni
monomorphismsvj :Gj → ⊕

i∈I Gi . The topologyTf was considered by Higgins in
paper [7], where he describes some other topologies on the direct sum (includi
asterisk topology of Kaplan). He proved in the same paper that the coproduct top
is not in general the direct limit of the topologies on the finite sums. Nickolas has
recently [11] the work of Higgins and has found necessary and sufficient conditions f
coincidence of the considered topologies.

We show in this paper that in the category of locally quasi-convex groups the as
and coproduct topologies are closely connected: the first one is the locally quasi-c
topology associated to the second one.

2. Some inequalities in T

We will use the following notations (the second one is due to Kaplan): For a subV
of an Abelian groupG, we write

V(n) = {x ∈ G: x,2x, . . . , nx ∈ V }, n ∈ N,(
1/2n

)
V = {

x ∈ V : 2kx ∈ V ∀k ∈ {0,1, . . . , n}}, n ∈ N ∪ {0}.
T denotes the multiplicative group of complex numbers with modulus 1 endowed w
usual topology.

Given anyt ∈ T, θ(t) is the real number characterized by

θ(t) ∈] − 1/2,1/2], exp
(
2πiθ(t)

) = t .

We also denote

T[α,β] = {
exp(2πiλ): λ ∈ [α,β]}, α,β ∈ R, α � β; T+ = T

[
−1

4
,

1

4

]
.

Proposition 1. Letβ ∈ [0,1/3[ . Let t1, . . . , tn ∈ T[−β,β]. If
n∏

j=1

t
εj
j ∈ T[−β,β] ∀(ε1, . . . , εn) ∈ {−1,0,1}n,

then|θ(t1)| + |θ(t2)| + · · · + |θ(tn)| � β .

Proof. We can supposeθ(tj ) � 0 for everyj ∈ {1, . . . , n}. We will prove this result by
induction. Forn = 1 the assertion is trivial. Let us suppose that it is true forn− 1, and fix
t1, . . . , tn with θ(tj ) ∈ [0, β] for everyj in {1, . . . , n} and satisfying the above hypothes
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Considert = t1t2 · · · tn−1. The familyt1, t2, . . . , tn−1 also satisfy
∏n−1

t
εj ∈ T[−β,β] for

g

,

e

e

nals
j=1 j

every (ε1, . . . , εn−1) in {−1,0,1}n−1, since we can takeεn = 1 above; hence, applyin
the induction hypothesis we deduceθ(t1) + θ(t2) + · · · + θ(tn−1) � β , and in particular
θ(t) = θ(t1)+ θ(t2)+ · · · + θ(tn−1). We have

ttn = exp
(
2πi

(
θ(t)+ θ(tn)

)) ∈ T[−β,β]
and hence,

θ(t1)+ · · · + θ(tn−1)+ θ(tn)= θ(t)+ θ(tn)

∈ ([−β,β] + Z
) ∩ [0,2β] = [0, β]. ✷

From Proposition 1 we obtain

Corollary 2.

(a) For any n ∈ N and β ∈ [0,1/3[ , T[−β,β](n) = T[−β/n,β/n]. In particular
(T+)(n) = T[−1/4n,1/4n].

(b) For any n ∈ N ∪ {0} and β ∈ [0,1/3[ , (1/2n)T[−β,β] = T[−β/2n,β/2n]. In
particular (1/2n)T+ = (T+)(2n).

Proof. (a) The inclusionT[−β/n,β/n] ⊂ T[−β,β](n) is trivial. For the reverse inclusion
given t ∈ T[−β,β](n), we apply Proposition 1 withtj = t for every j ∈ {1, . . . , n}; we
deducen|θ(t)| � β and thust ∈ T[−β/n,β/n].

(b) Again, the inclusionT[−β/2n,β/2n] ⊂ (1/2n)T[−β,β] is trivial. The proof of the
reverse inclusion can be made by induction. Forn = 0 it is trivial. If we suppose that th
assertion is true forn− 1, and fixt ∈ (1/2n)T[−β,β], in particular we have

t, t2, t2
2
, . . . , t2

n−1 ∈ T[−β,β],
t2,

(
t2

)2
,
(
t2

)22
, . . . ,

(
t2

)2n−1 ∈ T[−β,β]
and by hypothesis,t and t2 both are inT[−β/2n−1, β/2n−1]. From (a) we deduc
t ∈ T[−β/2n,β/2n]. ✷

3. The functionals (·/U) and (·/U)K

We include the definitions of the two functionals(·/U) and (·/U)K , which are
generalizations of the well-known Minkowski functional to groups. These two functio
take part in the definition of asterisk topologies on the direct sum.

LetG be an Abelian group andU a nonempty subset ofG. The functional(·/U)K was
defined by Kaplan [9] in the following way:

(x/U)K := inf

{
1

2n
: 2kx ∈U ∀k ∈ {0, . . . , n}

}
, ∀x ∈U. (1)

Note that (·/U)K takes its values in{0} ∪ {1/2n: n ∈ N ∪ {0}}, and that for every
n ∈ N ∪ {0}, (1/2n)U = {x ∈ U : (x/U)K � 1/2n}.
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In [2, p. 8] Banaszczyk introduced the following variant:

e put

s of

s

in [6,
easily
s

1]). In
(x/U) := inf

{
1

n
: kx ∈ U ∀k ∈ {1, . . . , n}

}
, ∀x ∈U. (2)

The functional(·/U) takes its values in{0} ∪ {1/n: n ∈ N}. For anyn ∈ N, U(n) = {x ∈
U : (x/U)� 1/n}.

Next we will prove a natural inequality involving(·/U) and(·/U)K :

Proposition 3. For every Abelian groupG, U ⊂G andx ∈U

(x/U)K � 2(x/U).

Proof. Clearly this inequality is fulfilled in the case(x/U)= 0. Suppose now thatkx ∈ U

for everyk ∈ {1, . . . , n} but (n+ 1)x /∈ U . Since 2[log2n] � n, we have

(x/U)K � 1

2[log2n] <
2

2log2n
= 2

n
= 2(x/U)

(here[α] stays for the greatest integer less or equal than the real numberα). ✷
We cannot give a similar inequality (valid in general) in the opposite sense: if w

G= R, U = {2n: n ∈ N} andx = 2, it is immediate that(x/U)= 1/2 while (x/U)K = 0.
The following proposition (cf. Lemma 1.14 in [2]) collects some other propertie

(·/U); its proof is immediate.

Proposition 4. LetG be an Abelian group andV , U nonempty subsets ofG.

(a) If V ⊂U , then(x/U)� (x/V ) for everyx ∈ V .
(b) If V + V ⊂U , then(x/U)� 1

2(x/V ) for everyx ∈ V .
(c) If V + V ⊂U , then(x + y/U)� max{(x/V ), (y/V )} for everyx, y ∈ V .

The same properties are true for Kaplan’s functional(·/U)K .

4. Description of the final and box topologies

Let I be a nonempty set,G an Abelian group,Gi, i ∈ I topological Abelian group
andvi :Gi →G, i ∈ I group homomorphisms. In general the finest topology inG making
all vi continuous is not a group topology; examples of this situation can be found
Exercises 2.10.21, 2.10.22], and [5, Example 2.9(a)]. However, it can be shown
that the family of group topologies onG which make all thevi continuous contain
its supremum. The group topology obtained in this way is usually referred as thefinal
topology onG corresponding to the family of homomorphisms{vi : i ∈ I }.

We next give a neighborhood basis of zero for the final topology onG, following a
construction which is known for the topological vector space case (see e.g., [8, 4.
what follows, for a topological Abelian groupG, N0(G) will denote the family of all
neighborhoods of zero inG.
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Proposition 5. LetI be a nonempty set,G an Abelian group,Gi, i ∈ I topological Abelian
n

e

f

ogy;

at

is of
t in
.

groups andvi :Gi →G, i ∈ I group homomorphisms. LetTf denote the final topology o
G corresponding to the family of homomorphisms{vi : i ∈ I }. We define

Uf :=
⋃
N∈N

⋃
(i1,...,iN )∈IN

N∑
n=1

vin(Uin,n),

U = (Ui,n) ∈
∏
i∈I

N0(Gi)
N.

The family{Uf : U = (Ui,n) ∈ ∏
i∈I N0(Gi)

N} is a neighborhood basis of zero for th
topologyTf .

Proof. Let us first clarify the definition of the setsUf : given a family of sequences o
neighborhoods(Ui,n), y ∈ G is in Uf if and only if there existN ∈ N andi1, . . . , iN ∈ I

such thaty = vi1(x1)+ · · · + viN (xN), beingxn ∈ Uin,n for everyn ∈ {1, . . . ,N}.
The above family fulfills the axioms of neighborhood basis for a group topol

only some proof is needed to show that givenU = (Ui,n) ∈ ∏
i∈I N0(Gi)

N there exists
V = (Vi,n) ∈ ∏

i∈I N0(Gi)
N such thatVf + Vf ⊂ Uf . Once fixed the neighborhoodsUi,n,

we take for everyi ∈ I andn ∈ N, someVi,n ∈ N0(Gi) satisfyingVi,n ⊂ Ui,2n−1 ∩Ui,2n.
Giveny andy ′ in Vf , we have

∃i1, . . . , iN ∈ I such thaty = vi1(x1)+ · · · + viN (xN), xk ∈ Vik,k,

∃i ′1, . . . , i ′N ′ ∈ I such thaty ′ = vi′1
(
x ′

1

) + · · · + vi′
N ′

(
x ′
N ′

)
, x ′

l ∈ Vi′l ,l .

We can supposeN =N ′ adding zeros if necessary. Hence

y + y ′ = vi1(x1)+ vi′1
(
x ′

1

) + · · · + viN (xN)+ vi′
N ′

(
x ′
N ′

)
beingxk ∈ Vik,k ⊂Uik,2k−1, x ′

l ∈ Vi′l ,l ⊂Uil ,2l . Renaming indices we obtain

y + y ′ =
2N∑
n=1

vjn(zn), zn ∈ Ujn,n

and hence,y + y ′ ∈ Uf .
Now we prove thatTf is the finest group topology making allvi continuous. GivenU =

(Ui,n) ∈ ∏
i∈I N0(Gi)

N andj ∈ I, vj (Uj,1) ⊂ Uf for everyj ∈ I , so vj is continuous.
Let now τ be a group topology making allvi continuous. Given aτ -neighborhood of
zeroW in G, we fix a sequence(Wn)n∈N of τ -neighborhoods of zero inG such that
W1 + · · · + Wn ⊂ W for everyn ∈ N (this can be done inductively in such a way th
W1 +W1 ⊂W , W2 +W2 ⊂W1, etc.). If we selectUi,n ∈N0(Gi) such thatvi(Ui,n)⊂Wn,
for everyn ∈ N andi ∈ I , we haveUf ⊂W . ✷
Remark 6. It can be proved without great effort that the above introduced bas
neighborhoods of zero forTf can be modified in such a way that for every elemen
each neighborhood, the indices which take part in its decomposition are all different
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Next we will consider another important topology on the rangeG of a family of group

p

for a

f

s.

e
n
of
homomorphismsvi :Gi → G.
In what follows,F(I) will stay for the family of all finite subsets of a setI .

Proposition 7. With the above notations, we define

U b =
⋃

∆∈F(I )

∑
i∈∆

vi(Ui),

U = (Ui)i∈I ∈
∏
i∈I

N0(Gi).

The family{Ub: U = (Ui)i∈I ∈ ∏
i∈I N0(Gi)} is a neighborhood basis of zero for a grou

topologyTb onG, which makes allvi continuous.
If I is countable,Tb andTf coincide onG.

Proof. It is easily checked that the given family is a basis of neighborhoods of zero
group topology onG which makes allvi continuous; in particular it is coarser thanTf .

If I is countable, we can supposeI ⊂ N. We will show thatTb is the finest group
topology for which allvi are continuous: LetT be a group topology onG making allvi
continuous. Given aT -neighborhood of zeroW in G, let (Vn) be a sequence inN0(G)

such thatV1 + · · · + Vn ⊂ W for everyn ∈ N. If Ui ∈ N0(Gi) satisfiesvi(Ui) ⊂ Vi for all
i ∈ I , we have

∀∆ ∈ F(I)
∑
i∈∆

vi(Ui)⊂
∑
i∈∆

Vi ⊂W �⇒ Ub ⊂W. ✷

Remark 8. In [3] (Corollary to Proposition 1) it is proved that the topologiesTf andTb
coincide on any countable direct sum of locally compact groups.

We callTb box topology(or rectangulartopology) onG associated with the family o
homomorphisms{vi :Gi → G}. This name is usually given to the topologyTb when the
construction is carried out on the direct sum of a family of topological Abelian group

5. Topologies on the direct sum

Coproduct and box topologies on the direct sum.Let Gi be a topological Abelian
group, for eachi ∈ I . We may consider on the Abelian group

⊕
i∈I Gi the final

topologyTf (Proposition 5) or the box topologyTb (Proposition 7) with respect to th
family of canonical monomorphismsvj :Gj → ⊕

i∈I Gi . We will use the denominatio
coproduct topologyfor the final topologyTf associated to this concrete system

groups and homomorphisms. We will use the notation
⊕(f )

i∈I Gi for the topological group

(
⊕

i∈I Gi,Tf ); and
⊕(b)

i∈I Gi for (
⊕

i∈I Gi,Tb). If Ui is a neighborhood of zero inGi for
eachi ∈ I , we will write

⊕
i∈I Ui for the neighborhood of zeroUb (Proposition 7).
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Proposition 9. Let T be a group topology on
⊕

i∈I Gi such thatTb ⊂ T ⊂ Tf . Then,

l

or

ood
y
ed by

ons
ceding
nov

um

f

for every j ∈ I , the natural homomorphismvj :Gj → (
⊕

i∈I Gi,T ) is a topological
embedding.

Proof. Fix j ∈ I . It is immediate thatvj is one to one and (sinceT ⊂ Tf ) continuous; let
us show that it is relatively open. LetU ∈ N′(Gj ). If we take(Ui)i∈I ∈ ∏

i∈I N0(Gi) such
thatUj = U , clearlyvj (Gj ) ∩ ⊕

i∈I Ui ⊂ vj (U). Since
⊕

i∈I Ui is aT -neighborhood of
zero, the assertion follows.✷
Corollary 10. Tf is the finest group topology on

⊕
i∈I Gi which induces the origina

topologies on all groupsGi .

The asterisk topologies.LetGi be an Abelian group andUi a nonempty subset ofGi for
eachi ∈ I . We define

⊕
i∈I

(∗K)
Ui =

{
x ∈

⊕
i∈I

Ui :
∑
i∈I

(
x(i)/Ui

)
K
< 1

}
,

⊕
i∈I

(∗)
Ui =

{
x ∈

⊕
i∈I

Ui :
∑
i∈I

(
x(i)/Ui

)
< 1

}
.

Using basic properties of the functional(·/U) (Proposition 4), and their analogues f
(·/U)K , it is easy to check that both the families formed by the sets

⊕(∗K)
i∈I Ui and

⊕(∗)
i∈I Ui ,

as (Ui)i∈I runs over
∏

i∈I N0(Gi), satisfy the axioms corresponding to a neighborh
basis of zero for a group topology. We will denote these topologies respectively bT∗K
andT∗. The first one was introduced by Kaplan in [9], and the second one was defin
Banaszczyk in [2]. Both authors used the termasterisk topologyfor their definitions. We
shall keep this denomination only forT∗.

We will denote the topological groups(
⊕

i∈I Gi,T∗K ) and(
⊕

i∈I Gi,T∗) respectively

by
⊕(∗K)

i∈I Gi and
⊕(∗)

i∈I Gi .

Comparison of topologies.The following results collect some facts about the relati
between the different topologies above defined on the direct sum. We will use the pre
notations, and also denote byTπ the topology on the direct sum induced by the Tycho
topology.

Proposition 11. Let (Gi)i∈I be a family of topological Abelian groups. On the direct s⊕
i∈I Gi,

(a) Tπ ⊂ Tb ⊂ T∗K ⊂ T∗ ⊂ Tf .
(b) If I is finite, thenTπ = Tb = T∗K = T∗ = Tf .
(c) If I is countable, thenTb = T∗K = T∗ = Tf .

Proof. (a) Only the inclusionT∗K ⊂ T∗ needs proof: LetUi be a neighborhood o
zero inGi , for every i ∈ I . We will prove that

⊕(∗)
i∈I Vi ⊂ ⊕(∗K)

i∈I Ui for any (Vi)i∈I ∈
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∏
i∈I N0(Gi) with Vi + Vi ⊂ Ui, i ∈ I . Indeed, ifx ∈ ⊕(∗)

Vi , thenx(i) ∈ Vi ⊂ Ui for

r the

n the

ng

o

r

.

i∈I
everyi ∈ I and we have

∑
i∈I

(
x(i)/Ui

)
K

Prop. 3
� 2

∑
i∈I

(
x(i)/Ui

)Prop. 4(b)
�

∑
i∈I

(
x(i)/Vi

)
< 1.

(b) It is immediate that forI finite, any group topology on
⊕

i∈I Gi which induces
original topologies on allGi is coarser than the product topology. In particularTf ⊂ Tπ
and we deduce that all these topologies coincide.

(c) This follows from the fact that in generalTb and Tf coincide for countableI
(Proposition 7). ✷
Remark 12. Recently [11] Nickolas has found necessary and sufficient conditions fo
coincidence between any two of the topologiesTb, T∗K andTf .

We devote the remaining of this section to investigate the relation betwee
topologiesT∗K andT∗.

Proposition 13. Let {Gi : i ∈ I } be a family of topological Abelian groups. The followi
are equivalent:

(a) T∗K = T∗ on
⊕

i∈I Gi .
(b) For all but countably manyi ∈ I , givenU ∈ N0(Gi) there existsV ∈ N0(Gi) such

that (1/2n)V ⊂U(2n) for everyn ∈ N.

Proof. Suppose that (b) is not satisfied. Then clearly we can find an uncountableI1 ⊂ I

and a family of sets(Vi)i∈I1 such that for everyi ∈ I1, Vi is a neighborhood of zer
in Gi and for eachWi ∈ N0(Gi) there existsNi ∈ N with (1/2Ni )Wi �⊂ (Vi)(2Ni ). Fix

Vi ∈ N0(Gi) arbitrary fori ∈ I \I1 and let us show that
⊕(∗)

i∈I Vi is not aT∗K -neighborhood
of zero in

⊕
i∈I Gi . Clearly it suffices to prove that for any family(Wi)i∈I1 with Wi ∈

N0(Gi) for every i ∈ I1,
⊕(∗K)

i∈I1
Wi �⊂ ⊕(∗)

i∈I1
Vi . Let Ni (i ∈ I1) be the natural numbe

associated with eachWi as above. SinceI1 is not countable, there existsN ∈ N such that
{i ∈ I1: Ni = N} is infinite. Let∆ be a subset of this set with cardinal 2N − 1. We define
x ∈ ⊕

i∈I1
Gi in the following way: for everyi ∈ ∆, we takex(i) in (1/2N)Wi but not in

(Vi)(2N); for everyi /∈ ∆, we putx(i)= 0. Then

∑
i∈I1

(
x(i)/Vi

) =
∑
i∈∆

(
x(i)/Vi

)
�

(
2N − 1

) 1

2N − 1
= 1 �⇒ x /∈

⊕
i∈I1

(∗)
Vi,

∑
i∈I1

(
x(i)/Wi

)
K

=
∑
i∈∆

(
x(i)/Wi

)
K

�
(
2N − 1

) 1

2N
< 1 �⇒ x ∈

⊕
i∈I1

(∗K)
Wi.

Suppose that (b) is satisfied, and let us prove (a). LetI0 be a countable subset ofI
such that, for everyi ∈ I \ I0, the neighborhoods of zero inGi satisfy the condition in (b)
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Fix a basicT∗-neighborhood
⊕(∗)

Ui in
⊕

i∈I Gi . We will find a family (Wi)i∈I with

r

r

i∈I
Wi ∈ N0(Gi) for everyi ∈ I and

⊕
i∈I

(∗K)
Wi ⊂

⊕
i∈I

(∗)
Ui.

For everyi ∈ I , let Vi be a neighborhood of zero inGi such thatVi + Vi ⊂ Ui . Fix
now Wi ∈ N0(Gi) (i ∈ I0) such that

⊕
i∈I0

Wi ⊂ ⊕(∗)
i∈I0

Vi; this can be done since fo
countable index sets the topologiesTb andT∗ coincide (Proposition 11(c)). Fori ∈ I \ I0,
fix Wi ∈ N0(Gi) such that(1/2n)Wi ⊂ (Vi)(2n) for everyn ∈ N.

Takex ∈ ⊕(∗K)
i∈I Wi .

For everyi ∈ I \ I0, (x(i)/Vi) � (x(i)/Wi)K . Indeed, if(x(i)/Wi)K = 0, we have
x(i) ∈ (1/2n)Wi ⊂ (Vi)(2n) for everyn ∈ N, and hence(x(i)/Vi) = 0. If (x(i)/Wi)K =
1/2n, then we havex(i) ∈ (1/2n)Wi ⊂ (Vi)(2n) and hence(x(i)/Vi)� 1/2n = (x(i)/Wi)K .
We deduce

∑
i∈I

(
x(i)/Ui

)Prop. 4(c)
� 1

2

∑
i∈I

(
x(i)/Vi

)
� 1

2

( ∑
i∈I0

(
x(i)/Vi

) +
∑

i∈I\I0

(
x(i)/Vi

))
.

Since the family(x(i))i∈I0 is in
⊕

i∈I0
Wi and hence, in

⊕(∗)
i∈I0

Vi , we have

∑
i∈I

(
x(i)/Ui

)
<

1

2

(
1+

∑
i∈I\I0

(
x(i)/Wi

)
K

)
< 1;

thus we have proved thatx = (x(i))i∈I is in theT∗-neighborhood of zero
⊕(∗)

i∈IUi . ✷
Next we show that the topologiesT∗ andT∗K are in general different.
Consider the Abelian groupZ. In [12] the following fact is proved: For anyx ∈ Z there

exists a unique decomposition ofx asx = ∑
an2n, an ∈ {−1,0,1} (the sum ranging ove

N ∪ {0} and including only finitely many nonzeroan) satisfying the condition

[n� 1, an �= 0 �⇒ an−1 = an+1 = 0]. (3)

For a decreasing and convergent to zero sequence of positive real numbersδ = (δn)n�0,
we define the map

qδ :Z → [0,∞[ , qδ

(∑
an2n

)
=

∑
|an|δn.

In [12] it is proved that in fact, for everyx ∈ Z, qδ(x) is the infimum of all sums
∑ |an|δn

where(an) is any eventually zero sequence inZ such thatx = ∑
an2n. Using this fact, it

is easy to show thatqδ is a separated quasinorm, i.e., that for everyx, y ∈ Z

qδ(x)= 0 ⇐⇒ x = 0; qδ(−x)= qδ(x); qδ(x + y)� qδ(x)+ qδ(y).

Let τδ be the metrizable topology onZ associated with the pseudonormqδ, andZδ the
topological Abelian group(Z, τδ). For eachε > 0,Bε denotes the setq−1

δ [0, ε].
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Lemma 14. If we define, for everyn ∈ N,

l

,

n

ln = 20 + 22 + · · · + 22n = 4n+1 − 1

3
,

mn =
n∑

k=1

lk (m0 = 0),

δj = 1/n for mn−1 � j <mn,

kj = ln for mn−1 � j <mn,

thenqδ(kj2j ) > 1 ∀j ∈ N.

Proof. Fix j ∈ N. Let n ∈ N be such thatj ∈ {mn−1, . . . ,mn − 1}. We have

qδ
(
kj2j

) = qδ
((

20 + 22 + · · · + 22n)2j ) = qδ
(
2j + 2j+2 + · · · + 2j+2n),

which by definition ofqδ is exactlyδj + δj+2 + δj+4 + · · ·+ δj+2n > (n+ 1) 1
n+1 = 1. ✷

Proposition 15. Let I be an uncountable set and for eachi ∈ I , let Gi be the topologica
Abelian groupZδ , with δ = (δn)n∈N as in Lemma14. Then the topologyT∗ on

⊕
i∈I Gi is

strictly finer thanT∗K .

Proof. By Proposition 13(b), it is sufficient to show that in the metric group(Z, qδ)

∀ε > 0 ∃n ∈ N,
(
1/2n

)
Bε �⊂ (B1)(2n).

It is immediate that for everyx ∈ Z and n � 0, qδ(2nx) � qδ(x), and in particular
(1/2n)Bε = Bε for everyn ∈ N andε > 0. Hence it suffices to prove that

∀ε > 0 ∃k ∈ N ∃x ∈ Z, qδ(x)� ε, qδ(kx) > 1.

Given ε > 0, takej ∈ N such thatδj � ε. Then qδ(2j ) = δj � ε, but by Lemma 14
qδ(kj2j ) > 1. ✷

6. Duality and quasi-convexity of direct sums

Let G be a topological Abelian group. The namecharacterof G is used for a group
homomorphismχ :G → T. We denote by Hom(G,T) the group of characters ofG and
by G∧ the group of continuous characters ofG; G∧ is called thedual groupof G. The
groupG∧ is usually endowed with the compact open topology and thebidual groupG∧∧
is the dual group ofG∧. The groupG is said to bereflexivewhen the canonical evaluatio
αG :G→G∧∧ given byαG(x)(κ)= κ(x) is a topological isomorphism.

For a subsetA of G, thepolar of A is

A� = {
χ ∈G∧: χ(A)⊂ T+

}
.

A characterχ of the topological Abelian groupG is continuous if and only ifχ ∈ U� for
some neighborhood of zeroU in G.
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In the same way, for a subsetB of G∧ the inverse polarof B is

roups
rem, in
lves a
cally

logical
cal

8] and

ut
s

e

ps
l
ology
]

is an
ex.
B� = {
x ∈G: χ(x) ∈ T+ ∀χ ∈ B

}
.

The subsetA of G is quasi-convexif A�� = A, that is, if it satisfies the following
condition:

∀x ∈ G \A ∃χ ∈G∧, χ(A)⊂ T+, χ(x) /∈ T+.

Polars and inverse polars are quasi-convex sets.
We say that a topological Abelian group islocally quasi-convexif it admits a

neighborhood basis of zero formed by quasi-convex sets. Locally quasi-convex g
are a natural generalization of locally convex spaces, since by Hahn-Banach theo
any locally convex space the bipolars of all neighborhoods of zero form themse
neighborhood basis. In fact the underlying group of any locally convex space is lo
quasi-convex [2, Proposition 2.4]. Since polars are quasi-convex sets, for any topo
Abelian groupG its dualG∧ is locally quasi-convex; in particular, any reflexive topologi
Abelian group is locally quasi-convex.

Proposition 16. Let (G, τ) be a topological Abelian group. The family of sets{U��: U ∈
N0(G)} is a neighborhood basis of zero for a group topologyτqc on G; τqc is the finest
among those locally quasi-convex group topologies onG which are coarser thanτ . The
topological groups(G, τ) and(G, τqc) have the same continuous characters.

Proof. This result is presented and proved in both the references [1, Proposition 6.1
[4, 4.6]. ✷
Proposition 17. Let {Gi : i ∈ I } be a family of topological Abelian groups. If all b
countably many groups in the family are locally quasi-convex, then the topologieT∗K
andT∗ coincide on

⊕
i∈I Gi .

Proof. It suffices to prove (Proposition 13) that given a locally quasi-convexG and
U ∈ N0(G), there existsV ∈ N0(G) such that(1/2n)V ⊂ U(2n) for every n ∈ N. For
that, take asV any quasi-convex neighborhood of zero contained inU . Let x be an
element ofG andn a natural number such that the finite sequencex,2x,22x, . . . ,2nx
is contained inV . We need to see that for allk ∈ {1, . . . ,2n}, kx ∈ U . It is enough to
prove thatkx ∈ V �� = V ⊂ U for any suchk. Fix any χ ∈ V �. The finite sequenc
χ(x),χ(x)2, χ(x)2

2
, . . . , χ(x)2

n
is contained inT+, so (Corollary 2(b))χ(x) ∈ (T+)(2n).

Thenχ(kx)= χ(x)k ∈ T+. ✷
Remark 18. It is a well-known fact that for a family of topological Abelian grou
(Gi)i∈I , the canonical map between(

∏
i∈I Gi,Tπ )∧ and

⊕
i∈I G∧

i becomes a topologica
isomorphism if we consider the compact-open topology on the domain and the top
T∗K on the range. This was firstly stated for reflexiveGi by Kaplan [9]; Banaszczyk [2
proved the same result for arbitraryGi and considering the topologyT∗ on the sum of
the dual groups. Note that the fact that both asterisk topologies coincide on this sum
immediate consequence of Proposition 17, since dual groups are locally quasi-conv
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Lemma 19. LetG be a topological Abelian group andU a subset ofG.

t
rs
(a) For everyx ∈ U , (x/U)� 4 supχ∈U� |θ(χ(x))|.
(b) If U is quasi-convex, then for everyx ∈U (x/U)� 8 supχ∈U� |θ(χ(x))|.

Proof. (a) If (x/U) = 0, thennx ∈ U and in particularχ(nx) = χ(x)n ∈ T+ for every
n ∈ N and χ ∈ U�. From Corollary 2(a) we deduceχ(x) = 1 for everyχ ∈ U� and
thus, supχ∈U� |θ(χ(x))| = 0. Otherwise,(x/U) = 1/N for someN ∈ N. In particular
x,2x, . . . ,Nx ∈ U and hence,χ(x),χ(x)2, . . . , χ(x)N ∈ T+ for anyχ ∈ U�. Again by
Corollary 2(a),

θ
(
χ(x)

)
� 1

4N
= 1

4
(x/U)

for any suchχ , and the inequality follows.
(b) If (x/U) = 0 the inequality is trivial. Otherwise,(x/U) = 1/N for someN ∈ N;

in particular(N + 1)x /∈ U . SinceU is a quasi-convex set, we can findχ ∈ U� with
χ((N + 1)x)= χ(x)N+1 /∈ T+. Hence

∣∣θ(
χ(x)

)∣∣ > 1

4(N + 1)
� 1

8
(x/U)

and the inequality follows. ✷
Let {Gi : i ∈ I } be a family of Abelian groups and

⊕
i∈I Gi their algebraic direc

sum. Clearly, for any characterχ :
⊕

i∈I Gi → T there exist uniquely defined characte
χi :Gi → T, i ∈ I such thatχ(x) = ∏

i∈I χi(x(i)) for every x ∈ ⊕
i∈I Gi . Inversely,

for any family (χi)i∈I in
∏

i∈I Hom(Gi,T), the expressionx �→ ∏
i∈I χi(x(i)) defines

a character of the Abelian group
⊕

i∈I Gi . According with this, in the following lemma
we identify the Abelian group

∏
i∈I Hom(Gi,T) with the algebraic dual of

⊕
i∈I Gi; in

other words, we consider
⊕

i∈I Gi equipped with the discrete topology.

Lemma 20. Let Gi, i ∈ I be topological Abelian groups, and for everyi ∈ I , let Vi, Ui

be nonempty subsets ofGi .

(a)
∏

i∈I U�
i ⊂ (

⊕(∗)
i∈I Ui)

�.

(b) If Vi + Vi + Vi ⊂Ui for everyi ∈ I , then(
∏

i∈I V �
i )

� ⊂ ⊕(∗)
i∈I U��

i .

Proof. (a) Fix x ∈ ⊕(∗)
i∈I Ui and(χi)i∈I ∈ ∏

i∈I U�
i . We denote by∆ the finite set formed

by thosei ∈ I such thatx(i) �= 0. Let ni (i ∈ ∆) be natural numbers such thatx(i) ∈
(Ui)(ni ) for every i ∈ ∆, and

∑
i∈∆ 1

ni
< 1. By Corollary 2(a), for everyi ∈ ∆ we have

χi(x(i)) ∈ (T+)(ni) = T[−1/4ni,1/4ni], and hence
∏

i∈I χi(x(i)) = ∏
i∈∆ χi(x(i)) ∈

T+.
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(b) Let x ∈ (
∏

i∈I V �)�. Let us denote again by∆ the finite set formed by those
t

on the
n
m

ps.
i

i ∈ I such thatx(i) �= 0. It is clear thatx(i) ∈ U��
i for every i ∈ I ; we must prove tha∑

i∈∆(x(i)/U��
i ) < 1. By Lemma 19(b)(

x(i)/U��
i

)
� 8 sup

χ∈U���
i

∣∣θ(
χ

(
x(i)

))∣∣ = 8 sup
χ∈U�

i

∣∣θ(
χ

(
x(i)

))∣∣ ∀i ∈∆.

Let now χi ∈ U�
i for every i ∈ I . Fix (εi)i∈I ∈ {−1,0,1}I . SinceVi + Vi + Vi ⊂ Ui

for every i ∈ I , the families(χkεi
i )i∈I , for k ∈ {1,2,3}, are in

∏
i∈I V �

i and sincex ∈
(
∏

i∈I V �
i )

�, we have
( ∏

i∈∆
χ
εi
i

(
x(i)

))k

∈ T+, k ∈ {1,2,3}.

By Corollary 2(a),
∏

i∈∆ χ
εi
i (x(i)) ∈ (T+)(3) = T[−1/12,1/12] and by Proposition 1,

∑
i∈∆

∣∣θ(
χi

(
x(i)

))∣∣ � 1

12
.

Since the charactersχi were arbitrary, we deduce
∑
i∈∆

(
x(i)/U��

i

)
� 8

∑
i∈∆

sup
χ∈U�

i

∣∣θ(
χ

(
x(i)

))∣∣ � 8 · 1

12
< 1. ✷

Let now (Gi)i∈I be a nonempty family oftopologicalAbelian groups, and letT be a
group topology defined on the direct sum

⊕
i∈I Gi , for which all mapsvi :Gi → ⊕

i∈I Gi

are continuous(i.e.,T ⊂ Tf ). Then we can define the canonical monomorphism

Φ :χ ∈
(⊕

i∈I
Gi,T

)∧
�→ (χ ◦ vi)i∈I ∈

∏
i∈I

G∧
i .

Kaplan [9] proved that if the groupsGi are reflexive andT = T∗K thenΦ is a topological
isomorphism, considering compact-open topology on duals and product topology
product. Banaszczyk [2] proved the same for HausdorffGi andT = T∗. An easy adaptatio
of their proofs leads to the same result whereT is any group topology on the direct su
which containsT∗K ; in particular, forT = Tf .

Theorem 21. Let (Gi)i∈I be a family of locally quasi-convex topological Abelian grou
The asterisk topologyT∗ is the finest locally quasi-convex topology on

⊕
i∈I Gi which

makes the canonical injections continuous.

Proof. T∗ is locally quasi-convex: LetUi be a quasi-convex neighborhood of zero inGi

for everyi ∈ I . Let Vi be neighborhoods of zero inGi such thatVi + Vi + Vi ⊂ Ui for
eachi ∈ I . By Lemma 20(a),

∏
i∈I V �

i ⊂ (
⊕(∗)

i∈I Vi)
�, hence

⊕(∗)
i∈IVi ⊂ (

⊕(∗)
i∈I Vi)

�� ⊂
(
∏

i∈I V �
i )

�. Using now Lemma 20(b), we conclude that

⊕
i∈I

(∗)
Vi ⊂

( ∏
i∈I

V �
i

)�
⊂

⊕
i∈I

(∗)
Ui.
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(
∏

i∈I V �)� is a quasi-convex subset of the discrete group
⊕

i∈I Gi (recall that inverse
ns

d 11.
y
x

y

of
oved

ps.

x

on
By

ps.

hich
ly
groups.

ory of
ence
i

polars are quasi-convex sets); moreover, it is aT∗-neighborhood of zero, since it contai⊕(∗)
i∈I Vi . Hence it is a quasi-convex neighborhood of zero for the asterisk topology.
T∗ makes thevi continuous: this is an immediate consequence of Propositions 9 an
T∗ is the finest one under these conditions: LetT be a locally quasi-convex topolog

on
⊕

i∈I Gi for which the monomorphismsvi are all continuous. LetU be a quasi-conve
neighborhood of zero in(

⊕
i∈I Gi,T ). For everyi ∈ I there existsUi ∈N0(Gi) such that

vi(Ui)⊂U . LetU� be the polar ofU for the topologyT . SinceT makes allvi continuous,
anyT -continuous character can be identified with a family(χi)i∈I in

∏
i∈I G∧

i ; since for
everyi ∈ I we havevi(Ui) ⊂ U , it is immediate that in factU� ⊂ ∏

i∈I U�
i . We deduce

that (
∏

i∈I U�
i )

� ⊂ U�� = U , but (
∏

i∈I U�
i )

� is a T∗-neighborhood of zero; indeed, b

Lemma 20(a) it contains
⊕(∗)

i∈I Ui , as above. ✷
The fact that, for locally quasi-convexGi , the asterisk topology on the direct sum

the family is locally quasi-convex, was mentioned in [2] (Proposition 1.16), and pr
independently in [1] (Proposition 6.8 (iii)).

Corollary 22. Let (Gi)i∈I be a family of locally quasi-convex topological Abelian grou
The asterisk topology on

⊕
i∈I Gi is the locally quasi-convex topology associated withTf

(in the sense of Proposition16).

Proof. We must show that under the above conditions,T∗ is the finest locally quasi-conve
group topology among those coarser thanTf . We know thatT∗ ⊂ Tf ; and thatT∗ is
locally quasi-convex (Theorem 21). LetT be a locally quasi-convex group topology⊕

i∈I Gi coarser thanTf . SinceT ⊂ Tf , T makes the canonical injections continuous.
Theorem 21,T ⊂ T∗. ✷
Corollary 23. Let (Gi)i∈I be a family of locally quasi-convex topological Abelian grou
The topologyTf on

⊕
i∈I Gi is locally quasi-convex if and only if it coincides withT∗.

Proof. This is an immediate consequence of Corollary 22.✷
Nickolas [11] pointed out that on any direct sum of topological Abelian groups w

topologically are P-spaces, the topologiesT∗ andTf coincide. Such groups are local
quasi-convex, since they have a neighborhood basis of zero formed by open sub
This provides a nontrivial example of the situation characterized in Corollary 23.

Remark 24. Theorem 21 may be reformulated saying that the coproduct, in the categ
locally quasi-convex groups, is the direct sum endowed with the asterisk topology. H
in this category, the coproduct of reflexive groups is reflexive.
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